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ABSTRACT 

There  are  many  conjectures  in  the  theory  of  numbers  for  which 
numerical  verification  of  special  cases  is  easily  obtained.  With  the 
development  of  more  advanced  computing  machinery  and  additional  number 
theoretic  techniques,  it  is  possible  to  extend  such  numerical  verification 
considerably.  In  this  thesis,  various  unsolved  conjectures  for  which 
the  previously  known  results  depend  mainly  on  hand  calculations  are 
considered  from  this  point  of  view.  Methods  involving  both  numerical 
and  elementary  number  theoretic  techniques  are  developed  and  used 
extensively,  leading,  in  all  cases,  to  the  extension  of  known  results. 
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INTRODUCTION 


In  Chapter  I  two  problems  due  to  L.  Moser  are  discussed.  These 

consist  in  determining  the  solvability  of  two  special  diophantine  equations 

2n 

involving  the  binomial  coefficients  (  ).  The  non-existence  of  solutions 

to  these  equations  is  established  by  a  combination  of  analytic  and  numerica 
methods . 


In  Chapter  II  a  conjecture  of  P.  Erdos  involving  the  primality 


of  the  numbers  n-2  ,  1  <  k  < 


log  n 
log  2 


,  is  considered.  A  numerical 


procedure  is  developed  and,  from  this,  restrictions  are  obtained  on  the 


number  n„ 


In  Chapter  III  a  sieve  process  is  developed  for  the  purpose  of 
investigating  the  non-squareness  of  elements  of  particular  sequences  of 
integers.  An  I.B.M.  1620  electronic  computer  is  used  in  the  application 
of  this  process  to  the  sequences  {n'  +  l}  ,  { }  ,  and  {Tr}  ,  where 


n=0  n=0 


By  these  means, 


previous  results  concerning  non-squareness  of  the  elements  of  these  three 
sequences  are  extended. 


In  Chapter  IV  the  following  problem  is  considered:  Is  it 
necessary  that  n  be  a  prime  number  in  order  that  the  congruence 


I  1 
1=1 


1  (rood  n)  hold?  The  answer  to  this  question  is  shown  to 


be  in  the  affirmative  for  all  n  <  10^^  by  means  of  a  method  involving 
elementary  number  theoretic  techniques  and  considerable  calculation. 
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CHAPTER  I 


In  this  chapter  we  consider  the  solvability  of  two  closely 
related  diophantine  equations  of  the  form 

(1.1)  f (a)  =  f(b)f(c)  . 


P.  Erdos,  in  private  communication  with  L,  Moser,  provided  a  sketch  of 

the  proof  that  this  equation  has  at  roost  a  finite  number  of  solutions 

2b, 

in  positive  integers  when  f(a)  =  (  ).  The  details  and  completion  of 


a 


'2a, 


that  proof  will  be  given  here  to  show  that  (l.l),  with  f(a)  =  (  ), 

B 

has  no  solution  in  positive  integers  a,  b  and  c.  As  is  well  known, 


the  quantity 


Si 

a+1 


is  an  integer  for  integral  a.  Thus,  it  is  natural 


to  consider  the  solvability  of  equation  (l.l)  for  f(a)  = 


(2.a) 


a 


a+1 


.  Using 


2b  2b  2c 

the  same  method  of  analysis  as  applied  to  the  equation  (  )=(')(  ), 

3  DC- 

we  find,  in  this  case,  that  (l.l)  is  unsolvable  in  positive  integers 
a,  b  and  c,  provided  a,b,c  ^  1.  This  method  fails,  however,  in  the 
case  f(a)  =  a.f.  W.  Sierpinski,  [19],  notes  the  two  classes  of  trivial 
solutions 


a 


i  i 


=  (a.’  -  1):  a:  , 


a. I  =  a.'  i: 


and  the  non-trivial  solution  10]  =  7.*  6.'.  It  has  been  conjectured 
that  (a,  b,  c)  =  (10,  7>  6)  is  the  only  non-trivial  solution  to  the 
equation  a]  =  b.1  cj .  , 


2- 


Theorem  1.1. 

The  diophantine  equation 

O  -  <?><?> 

is  unsolvable  in  positive  integers  a,  b,  c. 
We  use  the  following  lemmas: 


Lemma  1.1. 

If  n,’  =  [j  pa  )  the  product  being  taken  over  all  primes  p  , 
and  [x]  denotes  the  largest  integer  <  x,  then 


(1.2) 


where  Sp(n)  Is  the  sum  of  the  digits  in  the  representation  of  n  to 
the  base  p  : 

2  k 

n  =  aQ  +  axp  +  a2p  +  . . .  +  akp  *  (0  <  a^,  <  p)  , 
k 

sp(n)  -  ^  ^  . 

i=0 

The  proof  of  Lemma  1.1  is  due  to  A.  Legendre  [12j. 


Lemma  1.2. 


if  o  =  n  p*3  then  p13  < n . 
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Proof : 


With  the  same  notation  as  used  in  Lemma  1.1,  we  have 


(3  =  0p(n,r)  =  ap(n)  -  ap(n-r)  -  ap(r) 


From  expression  (l.2), 


00 


Pp(n,r) 


•I 


i=l 


n 

T 

w  P 


n-r 


L  p  J 


P 


n 


r  -  1 
i 


series  has  value 

0 

or  1 

since 

n-r  r 
i  “  i 

n 

n-r 

r 

i 

i 

i 

P  P 

L  P  J 

L  p  J 

L  p  J 

< 


n 


n-r 


P 


1  < 


n 

n-r 

r 

i 

i 

i 

L  p  J 

L  p  J 

L  p  J 

<  2 


k  k+1 

If  k  denotes  the  integer  for  which  p  <  n  and  p  >  n  then 
clearly,  the  number  of  non-zero  terms  in  the  series 


00 


H  7 

i=l  p 


n-r 
i 

P  J 


is  <  k.  Thus,  0  =  Pp(n,r)  <  k  and  Lemma  1.2  follows, 


For  n  >  9r  ,  (”)  >  . 


Lemma  1.3 


Proof : 


Consider  the  expression 


9r+9 
r+1 
9r 


9  (9r+8)(9r+7; 

8(r+l)  (8r+7)(8r+6^ 


. ..  (9^+1) 

77TTSr+I) 


> 


1  9r 
8  iTuy 


(9r-^7)(9r+6)  ...  (9r+l) 
(8r+7 )(8r+6)  ...  (8r+l)  * 


Since 


9r+a 
8r+a  — 


for 


r  >  10 


and  a  <  7 


it  follows  that 


9r+9\ 

_r+l' 
9r 
r 


> 


81 

T 


r 

(r+l) 


> 


21.36 


(r+l) 


Hence 


(1.3) 


,9t+9n 
v  r+l ' 


(?> 


3(r+l) 

(21.3)r 

3r 


provided  r  >  10. 

By  direct  checking,  we  find 


r  >  10 


( 


9r 

r 


)  > 


5r 


for  r  =  1,  2,  3,  . ..,  10.  This  result,  together  with  inequality  (l.3)> 
implies 


> 


(ai,3)r 

Jr 


> 


and  the  assumption  that  n  >  9r  then  yields 


5 


(9r)  > 

r 


(2 LllI 

3r 


Lemma  1.4. 

If  n  >  8k  and  k  >  33;  there  exists  a  number  in  the  set  of 
consecutive  integers  n,  n+1,  . ..,  n+k~l  which  has  a  prime  divisor 
greater  than  2k. 


This  lemma  is  seen  to  be  closely  related  to  the  well-known 
theorem  of  Sylvester  and  Schur  which  states: 

The  product  of  k  consecutive  integers,  each  greater  than 
k,  has  a  prime  divisor  greater  than  k. 


One  of  the  most  elementary  proofs  of  this  theorem  is  supplied  by 
P.  Erdos,  [5].  We  make  slight  modifications  in  this  proof  to  establish 
Lemma  1.4  in  the  following  equivalent  form: 

If  n  >  9^  and  k  >  33*  the  expression  (^)  contains  a 
prime  factor  greater  than  2k. 


Proof : 


Let  us  assume  that  (^)  contains  no  prime  factor  >  2k.  If 
(^)  =  [j  p^,  there  will  be  at  most  it{2k)  distinct  primes  occurring  in 
this  product,  where  /t(x),  as  usual,  denotes  the  number  of  primes  <  x. 
Thus,  by  Lemma  1.2, 


a.*)  O  =  fl  pp  <  «n(2k)  . 

J.  B.  Rosser  and  L.  Schoenfeld,  [18],  have  shown  that  it(x)  satisfies 


the  following  inequality: 


L 
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(1.5)  *(x)  <  1.25506 


log  X 


,  X  >  1, 


Combining  expressions  (l.4)  and  (l.5)>  with  x  =  2k  in  (1.5),  we 


obtain 


2.51012  r- — -rr 

(?)  <  n  108  2k 


Furthermore,  since  (^)  >  (~)  for  n  >  k  >  0  ,  it  follows  that 


2.51012 

n  <  n  log  2k 


and 


(1.6) 


1-2.51012 

k  108  2k  >  n 


It  is  shown  in  [18]  that 


x)  <  1.0l624x  ,  x  >  0  , 


where  $(x)  =  log  [j  p.  Thus 

p  <  x 


(1.7)  II  P  <  (2.763)*  . 

p  <  X 


Let  D  denote  the  set  of 
TT  0  /n- 


for  which  0  =  3^(n,k)  =  1 


in  the  product  j  p  =  (^).  Our  initial  assumption,  together  with  (1.7)7 


then  implies 


[I  pp  <  (2.763) 

D 


2k 


By  Lemma  1.2,  the  magnitude  of  the  primes  appearing  to  the  power  $  >  1 


“7“ 


in  Ij  P  must  be  <  *s/ri Hence,  if  C  denotes  the  set  of  primes  p 

for  which  0  >  1  in  f|  p^,  there  will  be  at  most  it(sln)  distinct 

prime  factors  in  [j  p^  ,  and 

C 

[T  3  .  fl(s/n) 

ii  P  <  n  • 

C 

Thus, 

o  =  n  pp  n  Pp  <  (2.763)2k  nK^n)  . 

DC 

It  then  follows,  from  Lemma  1.3,  that 

(21^  <  (2.763)2k  nJt  (s/n )  _ 

We  now  make  use  of  inequality  (l.5)  with  x  =  s/n  to  obtain,  from  the 
above  expression, 

k  2.31012  •J n 

<  (2.763)2k  n  i08n  . 

Taking  logarithms  of  both  sides  of  this  inequality  yields 


k  log  (  — ^-2 —  )  <  log  3k  +  2.51012  -J n 

V  (2.763)2  ' 


Further,  by  inequality  (l.6), 


(1.8)  1.0257^  k  <  log  3k  +  2.51012  k 


2f  ■— ) 

d{l  log  2k' 


For  the  purpose  of  examining  the  behaviour  of  both  sides  of  inequality 

(1.8),  we  assume  k  to  be  a  continuous  variable.  Taking  the  derivatives 

with  respect  to  k  ,  of  both  sides  of  the  inequality,  we  find 

1 _ 

,  2(1.2,51012) 

^  (1.02574  k)  >  (^log  3k  +  2.51012  k  log  2k  j  ,  k  >  200 

and  1.02574  k  >  log  3k  +  2.51012  k  108  for  k  =  300. 

Hence,  inequality  (1.8)  and,  consequently,  our  initial  assumption  are 
false  if  k  >  300. 


Now,  consider  k  in  the  range  33  <  k  <  300. 
that  if  the  expression  (£)  has  no  prime  factor  >  2k 


We  saw  earlier 
then 


(1.9) 


_i _ 

1  2.51012 

*  log  2k 


Without  loss  of  generality,  we  may  assume  the  continuity  of  the  variable 


1 

k  in  extremizing  the  function  n  2,^1012. 

k  ^  .  We  find  that 


d_ 

dk 


<  0 


for  33  <  k  <  52 


>  0  for  k  >  53. 


Thus,  from  inequality  (1.9),  the  following  upper  bounds  for  n 
obtained: 


(!  2-51012) 

n  <  (33)  108  66  <  6, 140  for  33  <  k  <  52 


are 
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“d  (iVljOlg) 

n  <  (300)  log  600  <  11,940  for  53  <  k  <  300. 

A  reference  to  the  recently  published  table  of  K.  Appel  and 
J.  B.  Rosser,  [l],  shows  that  the  maximum  gap  between  successive  primes 
(i)  under  6, 140  is  3^  > 

and 

(ii)  under  11,940  is  36  5 

where  the  gap  between  the  primes  p^  and  p  ^  is  defined  as 
Pn^i~Pn.  From  this  it  follows  that  the  sequence  of  integers: 

n-k4*l,  n-k-4-2,  .  ..,  n 

contains  a  prime  number  >  8k  for 

(i)  9k  <  n  <  6, 140  ,  33  <  k  <  52  ; 

and 

(ii)  9k  <  n  <  11,940  ,  53  <  k  <  300  . 

Thus  our  lemma  is  proved. 

The  number  33>  mentioned  in  Lemma  1.4,  is  not  necessarily  the 
best  lower  bound  for  k  but  it  will  suffice  for  our  present  purpose. 

The  minimum  value  of  k  required  for  the  truth  of  the  lemma  could  be 
determined  by  a  combination  of  direct  checking,  inequality  (1.9)  and  the 
use  of  the  following:  If  p  is  a  prime  number  >  3  then  the  existence 
of  a  number  of  the  form  p,  2p,  3Pj  or  4p  t*16  sequence  of  integers 
n,  n+1,  ...,  n-t-lol  implies  at  least  one  of  the  numbers  in  this 
sequence  has  a  prime  factor  >  2k,  provided  n  >  8k. 


-10- 


Proof  of  Theorem  1.1: 

Without  loss  of  generality  we  may  take  a  >  b  >  c. 
2b  >  a  for  equality  to  occur  between  (^a)  and  (bb)(^C)  > 

2d 

otherwise,  primes  in  the  interval  (2a, a)  would  divide  ( 

(2bb)(2cc). 


Clearly 

for 

)  but  not 


Let  a  =  b+x,  g  <  x  <  b.  R.  Breusch,  [2],  has  established 
the  existence  of  a  prime  in  the  interval  (^b,  b)  for  b  >  48.  Thus, 


2a 


the  interval  (2a, 2b)  contains  a  prime  which  divides  (  )  but  not 

d 

(2bb)(2cC)  ,  provided  b  >24. 


Consider  now  the  following  expression  with 


0 


<  x  < 


b 

H 


) 


(2a) 

(?) 


/2b+2x  v 
1  b+x  ' 


px  (2b^l)(2b+3)  ...  (2b+2x-l) 

*  ''Tb+l)'(b+2)  ...  (b+jTJ 

By  Lemma  1.4,  the  product  (b+l)(b+2)  ...  (b+x)  contains  a  prime 
divisor  q  >  2x  for  x  >  33  J  that  is,  there  exists  some  integer  i 
in  the  range  1  <  i  <  x  such  that 


b  +  i  =  0  (mod  q)  . 


As  a  consequence  of  the  above  congruence, 

2b  +  2j  -  1  ^  0  (rood  q)  for  j  =  1,  2,  . ..,  x 

and  (2b-*2x-l)(2b+2x-3)  ...  (2b+3)(2b+l)  f  0  (mod  q). 

Since  the  prime  q  divides  the  denominator  but  not  the  numerator  of 


-li¬ 


the  expression 


0*  (2b+l )(2b+5)  ...  (2i>+gi-l)  _  _ 

(b+l)(l>+2)  ...  (w-x)  '  ‘x  ’ 


(2a)  . 

it  follows  that  rr  cannot  be  an  inte2er  for  ^  >  a  -  b  >  33. 

O 

Suppose  now  that  a-b  =  x  <  33-  b  >  8x  >  0.  A  rearrangement 
of  the  factors  in  the  expression  for  I,,  gives 


T  px  1  w2tH»3>  -'So^X-^', 

X  *  v  b+x/V  b+l'  •••  v  b+x-1  1 


>  ^  (-Sb+l) 

V2b+2x;  * 


Trivially,  T  <  ^  .  For  b  >  ^2,  T  ,  must  then  satisfy  the  following 

X  ™  X 

inequality: 

(1.10)  ^>Tx>4x(g5^)  . 

Upon  substituting  the  values  1,  2,  3 -•  5  x  (1.10)  we  find 


*  >  u 

> 

3.95 

16  >  t£ 

> 

15.  *5 

(l.n)  6*  >  ? 

> 

60M 

256  > 

> 

236.52 

1024  >  T_ 

5 

> 

925.95 

• 

A  comparison  of  the  above 

inequal 

ities  with 

the 

values  of 

(2CC)  for 

1  <  c  <  7  }  namely: 

(\)-2 

)  =  20 

vn  0 

■ — * 

11 

252 

(*} 
v  7 

=  3, *32  , 

(g)  =  6 

<! 

)  =  70 

92k 

12“ 


r2c 


illustrates  that  T  /  (  )  for  x  =  1,  2,  5.  Also,  if  equality 

X  c 


r2c 


is  to  hold  between  and  (  ^  )  then  c  must  be  5.  Now,  for 

(b+1 )(b+2 )  ...  (b+x)  =2-3  •  5  ^  ^  >  0  ,  we  have,  using 

the  notation  of  Lemma  1.1, 


a  > 
i  — 


x 

2 


x 


l22J 


+  • 


=  a2(x) 


The  highest  power  of  2  which  divides  the  quantity 


T  =  2 

x 


b+l)(b+2 


...  (2b+2x-l) 

. . .  (b+x) 


d 


then  2  ,  where  d  <  x-o^x), 


From  Lemma  1.1,  <xQ(x)  =  x-s_(x)  ,  so  that  placing  x  =  4  gives  d  <  1, 


Since  22  is  a  divisor  of  (^)  but  not  of  ,  it  follows  that 


T4  /  (“).  Thus  Tx/(ccc)  for  1  <  X  <  5 


2c 


From  the  recurrence  relations: 


x 


2(2b+2x~l) 


'x=l 


and 


/2x+2n  _  2  {2x-fl )  /2x, 

'  x+1  *  ~  (x+l)  '  x  ' 


14 


•i 

and  the  inequality  C1^)  >  ,  we  find  that  f°r 


2x+2 


x 


2x 

x  >  5.  Furthermore,  it  is  easy  to  show  by  induction  that  (  )  >  - —  , 

x  2  s/x 

x  >  1.  Hence  (  )  >  4  provided  x  <  64. 

The  left-hand  side  of  inequality  (1.10)  and  the  preceding  results  then 


imply 


(2x+4)  >  T  >  (2x+2} 

'  x+2'  x  'x+l' 


for  5  <  x  <  64. 


In  summary,  the  equation 


(1.12)  (2aa)  =  (2bb)(2cC)  ,  a>b>c 


is  unsolvable  in  positive  integers  a,  b,  c,  if 


(i)  b  >  2k  with  2b  >  a  > 


or 


(ii)  b  >  42  with  |  b  >  a  >  b 


Thus,  in  order  to  establish  Theorem  1.1,  it  suffices  to  show  that  (1.12) 
is  unsolvable  for  2a  <  9 6.  This  can  easily  be  done  with  the  aid  of 

Table  [I]  of  the  Appendix,  which  gives  the  prime  factorization  of  the 

2a 

numbers  (  )  for  a  <  *7.  The  following  example  illustrates  the 

procedure  used:  Let  a  -  18.  Table  [l]  shows  that  J1  is  the  largest 


prime  divisor  of 
,2b 


36 

18 


34 


).  Since  yi  is  a  divisor  of  (^)  an<^  (^)  but 


not  of  15>  we  see  that  b  must  be  16  or  17  in  order 

that  equation  (1.12)  hold  in  the  case  a  =  18.  If  b  =  16  we  find 


that  17  divides  but  not  (?o)>  whereas  if  b  =  17,  (?^)  is 


36- 


.54. 


16 


18' 


17 


divisible  by  3^  but  (^g)  Is  not.  Hence  b  ^  16,  17  ,  and  we 


conclude  that  (1.12)  is  not  s 


for  b  and  c  if  a 


18. 


In  this  manner  we  are  able  to  demonstrate  the  unsolvability 

of  (1.12)  for  a  =  1,  2,  ...,  ^7. 

Essentially  the  same  type  of  argument  used  in  the  proof  of 
Theorem  1.1  will  be  sufficient  to  establish 

Theorem  1.2. 


The  equation 
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(1.13) 


a+l 


/2b  /2c 

'“b  '  '  c 

■  11.  O  ,  11 

b+1  c+1 


has  no  solution  in  positive  integers  a,  b,  and  c,  provided 
a,b>C  /  1. 


Proof : 

In  what  follows  we  use  the  notation  p  /  a,  p  /  a  to  read, 
respectively,  "p  divides  a",  "p  does  not  divide  a".  Losing  no 
generality  in  assuming  a  >  b  >  c  ,  put  a  =  b+x,  x  >  0. 


If  x  >  b  then  a  >  2b  and  the  interval  (g  )a,  -™a ) 

is  contained  in  the  interval  (2a,  a+l).  By  the  result  of  R.  Breusch 

[2],  mentioned  earlier  in  connection  with  the  proof  of  Theorem  1.1, 

the  interval  (2a,  -“-a)  contains  a  prime  p  such  that  2a  >  p  >  a+l  >  2b, 

/2a \  /2b \  /2c \ 

provided  a  >  27.  Thus  p  /  but  p  /  L  J?  J,  .  . 

a+1  b+1  c+1 

b  9 

Now  consider  x  in  the  range  g  <  x  <  b.  Since  g  b  <  a  <  2b 
and  a+1  <  2b,  the  interval  (2a,  a+l)  contains  the  interval 
(g(2b),  2b).  Again  by  [2],  there  exists  a  prime  p  in  the  range 

b  >  p  >  2b  provided  b  >  24.  Hence  p  divides  the  left-hand  side 
of  (l. 13)  but  not  the  right-hand  side. 


Next, 

suppose 

0  <  x  < 

g.  We  have 

(2aa) 

b+1 

/2b+2xv 
'  b+x  J 

.  b+1 

(2Kb) 

a+l 

C) 

b+x+1 

„x  (2b+l)(gb+3)  •••  (2b-fc2x-l) 
(b5a)(b+3)  ...  (b+x+u 


Lemma  1.4  implies  that,  for  x  >  35,  there  exists  some  prime  q  >  2x 
and  some  integer  i  in  the  range  2  <  i  <  x+1  such  that 

b+i  s  0  (rood  q)  . 

For  this  prime  q  then 

2b  +  2j  -  1  f  0  (mod  q)  ,  j  =  1,  2,  . . . ,  x 

and  (2b+l)(2b+3)  ...  (2b+2x-l)  jL  0  (mod  q).  Consequently,  the  quantity 


p  _  ox  (2b+l)(2b+3)  ...  (2b+2x-l) 
x  (b+2)(b+3)  ...  (b+x+1) 


cannot  be  an  integer  for 


33  <  x  < 


Hence 


(2aa)  (2bb) 

T+l  K°(”>od-bu) 


in  this  case. 


we  have 


Since 


9  0  9 


/2b42x- 1  \  /2b-4-l  \  /2b-j~3  \ 
'  b<-x-l  ''  b+x^b+x+1^ 


d.i4) 


|X  v  „  |  X 

4  >  R  >  4 

x  — 


/  2b+ 1  \  /  2b-f3 

'2b-ih2x'  '2b-§-2x-*-2' 


provided  x  >  2. 

Thus,  if  b  >  24  it  follows  that  R  satisfies  the  inequality 


I  X  ^  ^  ^  |  X 

4  >  R  >  4 

x 


(49) (51) 

(48+2x)(  50^2x7  ' 


x  >  2  . 


, 


Substituting  the  values  x  =  2}  3>  4,  5  in  the  above  expression  gives 


16 

> 

R2 

> 

14.23 

64 

> 

> 

52.88 

(1.15) 

3 

256 

> 

R4 

> 

196.96 

1024 

> 

R5 

> 

735.3  . 

If  X  = 

1  and 

b 

-4" 

CM 

A 

,  we  have 

(1.16) 

4  > 

Ri 

— 

4( 

2b+l)  > 
2b+2; 

3.92  . 


The  following  numerical  values  of 


(^C)  for  4  <  c  <  8; 


({)  „ 

(“> 

-T  ■  14 

7 

132 

(*2) 

~T  =  42 

(I4) 

= 

429 

<*) 

-j-  =  1,430  , 


and  the  set  of  inequalities  (1.15)  and  (l.l6)  show  that  ^  “^7X 
for  1  <  x  <  5  and  b  >  24. 


To  deal  with  the  case  5  <  x  <  33?  x  <  g 


we  first  note  that 


If  one  of  the  numbers  b+2,  b+3?  ...?  b+x+1  is  of  the  form 
ap  ,  where  a  =  1,  2,  3  or  4  and  P  is  a  prime  >  3?  then 

p  /  (2b+l)(2b+3)  ...  (2b+2x-l)  , 


provided  b  >  24. 


17“ 


The  proof  of  this  statement  follows  trivially  from  elementary 
considerations.  An  examination  of  the  prime  factors  of  the  numbers 
under  I7O  readily  verifies  the  existence  of  a  number  of  the  form  p, 
2p,  3P,  or  4p  in  the  sequence  b+2 ,  b+5,  . ..,  b+x+1  for  b  <  I50 
and  ^  >  x  >  5.  Hence,  for  this  range  of  b  and  x,  there  exists  a 
prime  number  p  >  3  which  divides  the  denominator  but  not  the 
numerator  of  the  expression  for  R  .  Since  b  must  be  greater  than 

X 

150  in  order  that  Rx  be  an  integer  for  ^  >  x  >  5,  expression  (l.l4) 
becomes 

(1.17)  *x>Rx>4x  • 

From  this  inequality  the  following  bounds  for  Rg  ,  R^  and  Rg  are 
obtained: 


4096 

> 

R6 

> 

3813.58 

16,584 

> 

R7 

> 

15,059.56 

65,536 

> 

R8 

> 

59,480.53 

Now,  the  values: 


(!6) 

9 

(!8) 

10 


=  1,^30 


=  4,862 


(2°) 

Kio' 

11 


(22) 

MJL1 

12 


=  16,796 


=  58,786 


(2k) 

l12; 

13 


=  208,012  , 


(?) 


imply  that  R  /  — —  for  6  <  x  <  8  . 

X  '  C+l  “  “ 


18- 


The  relations  R^  =  2  ^ 7b+ x'+ 1 )~  ^  ^  ,  h  >  8x  ,  and 


,2x+6 \ 

X+f  - 


(2X+4) 

V  w  ■  O  ' 


(22) 

2  (x+|)~  >  and  the  ine<iualit:y  Rg  >  -jg-  imply 


x+ 

that 


(1.18) 


/2x+6\ 

R  >  for  x  >  8  . 


x 


T 


X+i 


Also,  we  saw  in  the  proof  of  Theorem  1. 1  that 


(2x)  >  — — —  for  x  >  1  , 

2  six 


hence 


(1.19) 


(2x) 

v  X  / 

x+1 


2  ‘Jx  (x+l) 


x  >  1 


and 

/2x+8) 

^  y  4  li  .  y 

-x  —  >  4  provided  x  <  20. 

/2x+8 \ 

'  x+4 '  x 

Direct  computation  reveals  that  ——  >  4  for  x 


=  21,  22;  that  is, 


(5°) 

v25 J 

2  6 


=  4,861,946,401,452  >  421  =  4,598.046,511.104 


(52) 

\oz:/  pp 

--  18,567,355,072,152  >  4"“  =  17,592,186,044,416 


Thus 


(1.20) 


/2x+8) 

-^4-  >  *X  for  1  <  x  <  22 
x+5  -  - 


From  inequalities  (I.I7),  (l.l8),  and  (l„20)  we  find 


/2x+8\  /2 x+6) 

x+4  >  R  >  —24  for  8  <  X  <  22. 

-4  —  — 


x+5 


x+* 
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Upon  examination  of  the  tables  of  K.  Appel  and  J.  Rosser  [l], 
and  D.  N.  Lehmer  [l4],  it  is  found  that,  apart  from  the  following 
exceptions,  the  maximum  gap  between  any  two  consecutive  primes  under 
4738  is  22 : 

(1.21)  (pn>Pn+1)  -  (1327,1361);  (1669,1693);  (2179,2203);  (2477,2503); 

(2971,2999);  (3137,3163);  (3271,3299);  (4177,4201); 
(4297,4327);  (4523,4547). 


Occurring  in  these  intervals  (Pn>Pn»x)  are  nun*bers  of  the  form  2p 
or  3p,  where  p  is  a  prime  >  3.  That  is,  the  intervals  with  end  points 
shown  in  (l.2l)  contain,  respectively,  the  numbers 

1346  =  2-673;  1689  =  >563;  2186  =  2-1093;  2481  =  3*827;  2991  =  3*997; 

3147  =  3° 1049;  3279  =  3-1093;  4197  =  3-1399;  4317  =  3*1439;  4533  =  3-1511. 


From  the  above  we  deduce  that  for  g  >  x  >  22,  the  sequence 
(b+2),  (b+3),  . ..,  (b+x+l)  contains  a  number  of  the  form  ap, 
a  =  1,  2  or  3,  provided  b+x+l  <  4738.  If  R  is  to  be  an  integer 
for  g  >  x  >  22  then  we  must  have  b  >  4211, 

Inequality  (l.l4)  with  b  >  4211  becomes 


4X  >  R  >  4X 

x 


(8423) (8425) 

( 8422+2x ) ( 8424+2x7 


For  x  =  23  it  follows  that 


Since 


70,368,744,177,664  >  r25  >  69,622,919,931,873. 


69,533,550,916,004 


it  can  be  shown  by  induction 


on  x 


that 
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/2x+8x 

/  \  ^  x-fi-it 

(1.22)  R  >  — ~ 
'  X  X+5 


for  x  >  23  . 


Furthermore,  from  inequality  (1.19),  it  follows  that 

^2x+10^ 

(1.23)  -'x^6 —  >  £or  x<59. 


Combining  (l.22)  and  (l.23)  gives 


/2x+10\ 
V  x+5  ’ 

x+6 


>  R  > 
x 


/2x+8\ 
K  x+4; 

x+5 


provided  23  <  x  <  59. 


(1.24) 


We  note,  in  summarizing  the  above  results,  that  the  equation 


a+1 


(f)  (2CC) 

b+1  ‘  c+1 


has  no  solution  in  positive  integers  a  >  b  >  c  if 

(i)  b  >  24  with  2b  >  a  >  g  b  , 

(ii)  a  >  27  with  a  >  2b 

and 

(iii)  b  >  24  with  g  b  >  a  .  To  complete  the  proof  of 

Theorem  1.2  it  will  be  sufficient  to  establish  the  unsolvability  of  (l.24) 
for  2a  <  96.  The  following  example  illustrates  the  manner  in  which 
this  is  accomplished. 


Let  a  =  14.  A  reference  to  Table  [II]  of  the  Appendix,  which 

(2a) 


gives  the  prime  factorization  of  the  numbers  a 


shows  that  23  is  the  largest  prime  divisor  of 

(2bb)  (2c) 


_  for  1  <  a  <  47, 

a+1(?g) 


15 


In  order  that 


b+1 


c+1 


23  divide 


,  b  roust  be  12  or  13.  For  b  =  13  we  have 
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<“> 


(28) 

W 


<£> 


(28) 


5£  /  -jJ-  .  5 2  /  -Jj"  >  whereas  b  =  12  implies  7  /  ,  7  /  ^ 

Hence,  equation  (1.24)  has  no  solution  for  a  =  14. 

Using  the  above  scheme  the  unsolvability  of  (1.24)  is 
established  for  a  =  1,  2,  3,  47. 


“22“ 


CHAPTER  II 

Related  to  the  general  topic  of  prime-representing  functions 
is  the  following  problem  mentioned  by  P.  Erdos  in  [6]  : 

Show  that  for  all  sufficiently  large  n  not  all  the  integers 

(2.1)  n-2k  ,  1  <  k  < 

can  be  prime. 

He  states:  "For  n  =  105  all  the  integers  (2.1)  are  prime,  but  it  is 
easy  to  see  from  a  study  of  the  prime  tables  that  in  the  interval 
105  <  n  <  >52*  11»  15- 19  =  203,775  there  is  no  other  such  integer." 

Our  aim,  in  this  chapter,  is  to  extend  the  above  result  of 
Erdos  by  establishing  the  following  theorem. 

Theorem  2.1. 

For  the  integer  n  in  the  range 

105  <  n  <  109  , 

not  all  the  integers 

n-2k  ,  1  <  k  <  ±28Ji 

-  log  2 

can  be  prime. 

We  call  n  an  exceptional  integer  if  all  the  numbers  (2.1) 
are  prime;  thus,  the  numbers  'J }  15,  45,  anc*  105  qualify  as  exceptional 


integers.  To  establish  Theorem  2.1 ,  we  make  use  of  the  following  two 
lemmas : 

Lemma  2.1. 

Let  p  denote  a  prime  for  which  2  is  a  primitive  root  and 
suppose  that  p  does  not  divide  n  ,  where  n  is  an  exceptional  integer. 
Then,  if  r  is  the  integer  in  the  range  1  <  r  <  p-1  for  which 

n  =  2  (mod  p)  , 
r 

we  must  have  n  <  2  +  p. 

Proof : 

3T  IT 

Since  n-2  =  0  (mod  p),  the  quantity  n-2  is  composite  for 

r 

n  >  2  +  p  ;  contradicting  the  assumption  that  n  is  an  exceptional  integer. 

Lemma  2.2. 

If  2  is  a  primitive  root  of  the  prime  p  and  n  is  an 
exceptional  integer,  at  least  one  of  the  following  conditions  must  hold: 

(i)  p  /  n 

(ii)  n  <  2P_1  +  p  . 


Proof : 

If  condition  (i)  does  not  hold  then  there  exists  an  integer  r 
in  the  range  1  <  r  <  p-1  for  which  n  =  2r  (mod  p).  Condition  (ii) 
follows  from  the  inequality  n  <  2  +  p  supplied  by  Lemma  2.1. 

Now  suppose  that  n  >  2P  +  p.  If  p  does  not  divide  n  there 
exists  some  integer  r  in  1  <  r  <  p-1  for  which  n  =  2  (mod  p), 
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T 

implying  that  n=2 
n  >  2P  1  +  p. 


is  composite. 


Hence,  p  roust  be  a  divisor  of  n  if 


In  what  follows,  n  denotes  the  fifth  exceptional  integer, 
provided  this  number  exists,  in  the  sequence  of  exceptional  integers 

7,  15,  45,  105,  ...  . 

Proof  of  Theorem  2.1: 

To  establish  the  theorem  we  prove  first  that  the  primes  J,  5, 

11,  13,  1-9)  29,  and  37  are  divisors  of  n. 

Since  n  >  105  >  it  follows  from  Lemma  2.2  that  both  3  and  5 
divide  n  $  on  the  other  hand,  2  is  obviously  not  a  divisor  of  n.  Thus, 

(2.2)  n  =  15  (rood  30). 

We  use  the  notation  P  (2)  to  denote,  the  ordered  set  of  numbers 

P 

[ai,  <Xg,  ...,  where  2*  =  (mod  p)  and  r  is  the  smallest  positive 

integer  for  which  a  =  1  ;  for  example, 

Pu(2)  =  {2,  k,  8,  5,  10,  9,  7,  3,  6,  1)  . 

In  order  to  establish  11  as  a  divisor  of  n  ,  it  suffices  to 
show  that  none  of  the  elements  of  P^(2)  can  be  residues  of  n  modulo  11. 
From  Lemma  2. 1, 

n  f  2,  4,  8,  5,  10,  9  (mod  11)  . 

Furthermore,  the  condition  that 


(2.3) 


n  =  7  (mod  ll) 


UBC  -  1  £ : 


-  =  - 


BCC  -  _ 


•OCC  .  . 


I.  c  ..  .1. 


.1:  r*nc  ill*  ,i 


<  - 


»si  •  -  i - - 


~c-i  . 


vi  r.i: 


.  rrc  ls.  1 : 


rcl~ 


:  :  _  . :  v  5 


(2.6) 


n  =  1  (rood  11 )  , 


we  have  105  <  n  <  1035.  A  combination  of  congruences  (2.2)  and  (2.6) 
gives 

n  =  45  (rood  330)  . 

From  this  we  obtain  three  possible  values  for  n  in  the  range  (105,  1035]; 
namely:  375,  705  and  1035.  Now,  7  /  (375-22),  17  /  (705-25),  and 
17  /  (1035-25)  ;  hence  n  f  1  (rood  11 ). 


The  foregoing  implies  that 

(2.7)  n  =  0  (mod  11). 


The  method  used  above  serves  also  to  establish  the  primes  13 
and  19  as  divisors  of  n.  First,  we  combine  the  congruences  (2.2)  and 

(2.7)  to  obtain 


(2.8)  n  =  I65  (mod  330). 


Since  n  >  I65  and  P1  (2)  =  (2,  4,  8,  3;  6;  12,  11,  9,  5;  1°;  7; 
-  13 

have,  by  Lemma  2.1, 

n  f  2,  4,  8,  3,  6,  12,  11  (mod  13). 

Table  1,  below,  shows  the  elimination  of  the  remaining  numbers  of 


l),  we 


as  residues  of  n  modulo  13. 
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TABLE  1 


Residue 
of  n 

(mod  13) 

Residue 
of  n 

(mod  4,290) 

Upper  Bound 
on  n 

from  Lemma  2. 1 

Possible  Value(s) 

of  n 

Elimination  of  the 
possible  values 
of  n 

9 

163 

269 

165 

7/(l65-22) 

5 

2475 

525 

- 

- 

10 

2805 

1037 

- 

- 

7 

3465 

2061 

- 

- 

1 

495 

4109 

495 

17/(495-2) 

To  illustrate  the  manner  in  which  the  table  is  constructed,  let 

us  suppose 

n  =  9  (mod  13)  . 

This  congruence,  when  combined  with  (2.8)  yields 

(2.9)  n  =  165  (mod  4,290)  . 

From  Lemma  2.1,  n  =  9  (rood  13)  implies  n  <  269  J  hence,  the  only 
possible  value  of  n  satisfying  (2.9)  is  the  number  I65.  Since  7/(l65~22), 
it  follows  that  n  f  9  (rood  13).  Using  this  procedure  we  obtain  the 
remaining  entries  of  the  table. 

As  a  result  of  the  elimination  of  the  numbers  1,  2,  3,  ...,  12 
as  possible  residues  of  n  modulo  13, 

(2.10)  n  =  0  (rood  13)  . 


To  satisfy  congruences  (2.8)  and  (2.10),  we  must  have 
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(2. 11)  n  =  2145  (mod  4290)  . 

Now  p19(2)  =  { 2 ,  4,  8,  16,  13,  7,  14,  9,  18,  17,  15,  11,  3,  6,  12,  5,  lo,  l), 
hence  n  ^  2,  4,  8,  16,  13*  7,  14,  9,  18,  17,  15  (mod  19)  by  Lemma  2.1. 
Elimination  of  the  remaining  numbers  of  P^(2)  as  residues  of  n  (mod  19) 
are  shown  in  the  following  table: 


TABLE  2 


Residue 
of  n 

(mod  19) 

Residue 
of  n 

(mod  81,510) 

Upper  Bound 
on  n 

from  Lemma  2. 1 

Possible  Value(s 

of  n 

)  Elimination  of 
possible  values 
of  n 

11 

^9, 535 

4,115 

- 

- 

5 

57,915 

8,211 

- 

- 

6 

75,075 

16,403 

- 

- 

12 

27,885 

32,787 

27,885 

7/(27, 885-22) 

5 

15,015 

65,555 

15,015 

17/(15, 015-22) 

10 

70,785 

131,091 

70,785 

7/(70, 785-23) 

1 

19,305 

262,163 

19,305 

23/(l9,305-2^) 

100,815 

7/(lOO,815-23) 

182,325 

23/(l82,325-22) 

Thus  19 

is  a  divisor 

■  of  n. 

A  technique 

somewhat  different  from  the  above 

must  be  employed 

when  larg 

e  numbers  of 

possible  values 

of  n  are  to  be 

investigated.  To 

illustrate,  let  us  suppose  that  the  condition  on  n  is 
n  =  c  (rood  b), 

where  there  are  N  possible  values  of  n  to  be.  investigated,  namely: 
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(2.12)  =  c ,  t,2  =  c+b,  =  c+2b,  tN  =  c+(N-l)b  . 

If  p  is  a  prime  for  which  p  /  b  then  the  arithmetic  progression  (2.12), 
when  reduced  modulo  p,  is  periodic  with  period  p  ;  that  is 


(2.13)  t£  =  ti+wp  ,  i  l,  2,  3,  w  -  0,  1,  2,  3,  ...  . 

For  Pp(2)  =  {0^,  a2^  ay  •••>  ar^  >  t^e  existence  °f  an  element  of 

P  (2)  for  which  t  =  a  (mod  p)  implies  that  p  divides  t.-2*. 

P  J  J 

•  ^ 

Accordingly,  the  number  t.-2  is  composite  provided  2  +  p  <  t  .  ; 

3  >3 

in  fact,  from  (2.13)  we  have  t  -2  composite  for  s  =  j  (mod  p)  and 

s 

21  +  p  <  tg. 

A  sieve  process,  using  a  sequence  of  primes  {p^}  for  which 

p.  y'  b,  i  =  1,  2,  3*  •••  >  can  set  UP  to  eliminate  those  numbers  t^ 

from  (2.12)  which  are  not  exceptional  integers.  Initially,  the  set  S  to 

be  sieved  has  the  elements  1,  2,  3>  ♦  .  . ,  N  ,  where  j  e  S  implies  that 

tj  may  be  an  exceptional  integer.  Let  us  define  the  set  A(p)  as 

follows:  for  j  €  S,  j  e  A(p)  if  and  only  if  p/(t^~2*)  and  t  -2*"  >  p  for 

some  integer  i  >  0  .  To  set  up  the  sieve  process  we  first  choose  a  prime 

p  e  (p^j  and  compute  the  numbers  t^,  t^,  ...,  t^  modulo  p,  where 

d=min  (p,N).  Now  for  1  <  j  <  d  ,  the  existence  of  an  element  of 

P  (2)  for  which 
P 

tj  =  (mod  p ) 

implies  that,  s  e  A(p)  provided  the  following  conditions  are  satisfied: 
(i)  s  €  S  , 

(ii)  s  =  j  (mod  p)  , 

and 
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( iii )  tg  >  21  +  p  . 

Thus,  we  form  the  set  A(p)  and  eliminate  from  S  those  elements  which 
are  common  to  both  A(p)  and  S.  To  complete  the  process,  A(p)  is 
formed  for  each  prime  p  of  the  sequence  {p^}  ,  or,  until  the  set  S 
is  empty.  We  illustrate  the  above  procedure  by  means  of  the  following 
numerical  example:  Congruence  (2.1l)  and  the  fact  that  19  divides  n 
implies 

(2.14)  n  =  40,755  (mod  81,510)  . 


Suppose  that  n  =  20  (mod  29).  Then,  from  the  above  congruence, 
n  2  1,265,405  (mod  2,565,790). 

By  Lemma  2.1,  we  have  n  <  16,777,245,  so  that  there  are  seven  possible 
values  of  n  to  be  checked.  For  the  first  step  in  the  sieve  process,  we 
choose  to  work  with  the  prime  7.  Since 

1,265,405  =  5  (mod  7) 

and 

2,363,790  =  2  (mod  7)  , 


our  sequence  of  seven  numbers  reduces,  modulo  7,  to 

(3,  5,  0,  2,  4,  6,  1]  . 

Now,  p  (2)  =  {2,  4,  1).  Hence  7/(ty-2),  7/(t  -22),  and  7/(t?-23), 
giving  A(7 )  =  (4,5,7).  Working  next  with  the  prime  17,  we  find 


1,265,405  =  16  (mod  17) 
2,565,790  =  8  (mod  17)  . 


The  sequence 


becomes 


(2.15)  {16,  7,  15,  6,  14,  5,  13} 
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modulo  17.  Comparing  the  elements  of  P.,^(2)  =  {2,  4,  8,  1 6,  15,  13,  9,  l) 
with  the  numbers  (2.I5)  yields  A(l7)  =  (1,3).  Choosing  23  as  the  next 
prime  for  the  sieve  process,  we  have 

1,263,405  =  15  (mod  23) 

and 

2,363.790  =  11  (rood  23)  , 

with  the  sequence 

(15,  3,  14,  2,  15,  1,  12)  . 

Furthermore,  P__(2)  =  (2,  4,  8,  16,  9,  16,  13,  3,  6,  12,  l}  ,  so  that 

A(23)  =  (2,6).  Since  A(j)  U  A(l7)  U  A(23)  =  (l,  2,  3,  4,  5,  6,  j),  we 

conclude  that  n  ^  20  (mod  29). 

We  now  proceed  to  show  that  29  is  a  divisor  of  n  ,  using  the 
above  sieve  process  only  when  large  numbers  of  possible  values  of  n  are 
to  be  investigated.  First,  P^(2)  =  {2,  4,  8,  1 6,  3,  6,  12,  24,  19,  9; 

18,  7,  14,  28,  27,  25,  21,  13,  26,  23,  17,  5,  10,  20,  11,  22,  15,  l). 

From  congruence  (2.14)  and  Lemma  2.1,  it  follows  immediately  that 

n  f  2,  4,  8,  16,  3,  6,  12,  24,  19,  9,  18,  7,  1^,  28,  27  (mod  29).  Table  3, 

below,  illustrates  the  elimination  of  the  numbers  25,  21,  13,  26,  23,  17, 
5,  10  as  residues  of  n  modulo  29. 


T  ' 


-.-IS*  - 


?=r 


•  - 


» 


^  --  >= 
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TABLE  4 


Residue 
of  n 
(mod  29) 

Residue,  c, 
of  n 

(mod  b  =  2,363,790) 

Upper  Bound 

on  n 

from  Lemma  2. 1 

Number,  N, 
of  possible 
values  of  n 

Elimination 
of  possible 
values  of  n 

(A) 

11 

1,3^,915 

33, 55M61 

14 

See  Table  [ill] 

(A) 

(B) 

22 

1,507,935 

67,108,893 

28 

See  Table  [ill] 

(B) 

(C) 

15 

1,833,975 

13^,217,757 

57 

See  Table  [ill] 

(c) 

(D) 

1 

122,265 

268,435,485 

114 

See  Table  [ill] 

(D) 

In 

order  to  show  that 

the  numbers  11 

,  22,  15,  and 

l  1  cannot 

be 

residues 

of  n  modulo  29,  we 

use  the  sieve 

process  to  eliminate,  in 

each  case,  the  N  numbers 

c,  c+b ,  c+2b ,  .  . c+(N-l)b 

as  exceptional  integers.  Table  [ill]  of  the  Appendix  contains  the  results 
obtained  by  applying  the  sieve  process  to  each  of  the  four  cases  in 
Table  4.  As  an  illustration  let  us  refer  to  part  (A)  of  Table  [ill]. 

Here  we  propose  to  examine  the  14  numbers: 

(2.16)  c ,  c+b ,  c+2b ,  . ..,  c+l^b , 

where  c  =  1,3^,915  and  b  =  2, 363, 790,  eliminating  those  numbers  which 
are  not  exceptional  integers.  To  apply  the  process  we  first  choose  the 
prime  7  and  compute,  modulo  7,  the  sequence  [c,  c+b,  ...,  c+db),  where 
d  =min  (p-l,N-l).  Since  c  =  5,  b  =  2  (mod  7)  the  sequence  is 
{5,  0,  2,  4,  6,  1,  3}.  1^  we  compare  the  elements  of  this  sequence  with 

the  elements  of  P^(2)  =  {2,  4,  l)  we  find: 

(i)  c+ib  =  2  (mod  7)  If  i  =  2  (mod  7)  , 

(ii)  c+ib  =  4  (mod  7)  if  i  =  3  (mod  7)  , 


and 


(iii)  c+ib  5  1  (mod  7)  if  i  =  5  (mod  7)  . 

Hence  c+ib  ,  in  this  case,  is  not  an  exceptional  integer  if  i  =  2,  5, 
or  5  (mod  7).  By  the  definition  of  the  set  A(p)  then,  we  must  have 
A(7)  =  (3,  4,  6 ,  10,  11,  13).  Repeating  the  above  procedure  for  the 
primes  17,  23  and  37 ,  we  obtain  A( 17 )  =  (2,  5,  7,  8,  14),  A(23)  =  (l,  9), 
and  A(37)  =  (12).  As  a  result,  each  of  the  numbers  in  (2.16)  is 
eliminated  as  an  exceptional  integer  and  we  conclude  that  n  ^  11  (mod  29). 

The  remaining  entries  of  Table  4  and  Table  [ill]  of  the  Appendix  imply 
n  ^  22,  15,  1  (mod  29).  Hence 

(2. 17)  n  =  0  (mod  29)  . 

For  n  to  satisfy  congruences  (2.14)  and  (2.I7)  it  must  have  the 

form 

(2.18)  n  =  1,181,895  (mod  2,363,790)  . 

Now  Lemma  2. 1  implies  n  ^  2,  4,  8,  16,  32,  27,  17,  34,  25,  13>  26,  15, 

30,  23,  9,  18,  36,  35,  33  (mod  37)  Since  P  (2)  =  {2,  4,  8,  16,  32,  27, 

17,  3*i,  31,  25,  13,  26,  15,  30,  23,  9,  18,  36,  35,  33,  29,  21,  5,  10,  20, 

3,  6,  12,  24,  11,  22,  7,  14,  28,  19,  l)  and  n  >  1,181,895.  Furthermore, 
the  results  of  Table  5  below,  indicate  that  the  numbers  29;  21,  5>  10, 

20,  3,  6,  12,  and  24  cannot  be  residues  of  n  modulo  37. 


. 


TABLE  5 


Residue 
of  n 
mod  37 ) 

Residue 
of  n 

(rood  87,460,230) 

Upper  Bound 
on  n 

from  Lemma  2. 1 

Possible  Value( 

of  n 

s)  Elimination  of 
possible  value(s) 
of  n 

29 

41,366,325 

2,097,189 

- 

- 

21 

39,002,535 

4,194,341 

- 

- 

5 

34,  274,  955 

8,386,645 

- 

- 

10 

24,819,795 

16,777,253 

- 

- 

20 

5,909,475 

33,55^,^69 

1 

23/(5, 909, 475-24) 

3 

55,549,065 

67,108,901 

1 

17/(55,5^9, 065-28) 

6 

67,368,015 

134,217,765 

1 

7/(67, 3o8,015-23) 

12 

3,5^5,685 

268,435,493 

3,5^5,685 

59/(3, 545, 685-210) 

91,005,915 

17/(91,005,915-2) 

178,466,145 

7/(  178,466, 145-22) 

265,926,375 

7/(265, 926, 375-23) 

24 

50,821,485 

536, 870, 949 

50,821,485 

7/(50, 821, 485-25) 

138,281,715 

17/(138, 281, 715-27) 

225,741,945 

7/(225,741, 9^5-2) 

313,202, 175 

41/(313,202, 175-28) 

400,662,405 

17/(400,662,405-2) 

488,122,635 

23/(488, 122, 635"29) 

Each  of  the  remaining  elements  of  P  (2)  ,  when  considered  as  a 

3f 

residue  of  n  modulo  37,  gives  rise  to  several  possible  values  of  n. 


To  determine  whether  these  numbers  are  exceptional  integers  we  apply  the 


sieve  process,  the  results  of  which  are  illustrated  in  the  following 
table  and  in  Table  [IV]  of  the  Appendix. 


TABLE  6 


Residue 
of  n 
(mod  37) 

Residue,  c, 
of  n 

(mod  b  =  87,460,230) 

Upper  Bound 
on  n 

from  Lemma  2. 1 

Number,  N, 
of  possible 
values  of  n 

Elimination 
of  possible 
values  of  n 

(A) 

11 

57,912,855 

1,073,741,861 

12 

See  Table  [IV]  (A) 

(B) 

22 

72,095,595 

2,147,483,685 

24 

See  Table  [IV] 

(B) 

(C) 

7 

13,000,845 

4,294,967,333 

49 

See  Table  [IV] 

(c) 

0>) 

14 

69,731,805 

8,589,934,629 

98 

See  Table  [IV] 

(D) 

(E) 

28 

8,273,265 

17,179,869,221 

197 

See  Table  [IV] 

(E) 

(F) 

19 

60,276,645 

34,359,738,405 

395 

See  Table  [IV] 

(?) 

(G) 

1 

76,823,175 

68,719,476,773 

785 

See  Table  [IV] 

(0) 

From  the  above  results  we  find  that 
n  =  0  (rood  37)  > 

which,  when  combined  with  congruence  (2. 18),  yields 


n  =  43,730,115  (rood  87,460,230)  . 

Now  in  order  that  a  given  number  t  >  105  he  an  exceptional  integer, 
it  must  satisfy  the  above  congruence.  This  restriction  leaves  relatively 
few  numbers  under  one  billion  which  qualify  as  possible  exceptional 
integers,  namely:  ^  =  43,730,115  ,  tg  =  43,730,115  +  87,460,230,  ... 
tn  =  43,730,115  +  10(87,460,230).  But, 


7/(t1-2)  , 

17/(tg-2)  , 

17/(t3-27)  , 
17/(  t^-24 )  , 


7/(t5-2‘=)  , 
7/(t6-23)  , 
23/(t7-210)  , 
7/(tg-2)  , 


53/(y2  )  , 

^3/(t10-28)  , 

59/(tn-225) 


hence,  there  are  no  exceptional  integers  n  in  the  range 
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CHAPTER  III 


Several  unsolved  problems  in  the  theory  of  numbers  deal  with 
the  quadratic  character*  of  special  sequences  of  integers.  Consider,  for 
example,  the  sequence  of  Fibonacci  numbers  defined  by 


F 

n 


+  F 


n-2 


It  has  been  conjectured  that  the  only  elements  of  the  sequence  {F^}  which 
are  squares  are  F^  =  F^  =  l2  and  F^  =  122.  A  similar  conjecture  has 
been  made  concerning  the  Euler  numbers  E^  ,  where 


2 


x  -x 
e  +e 


00 


n=0 


(E 


2n+l 


0) 


) 


namely^  The  number  lE^I  is  never  a  square  for  n  >  1.  In  this  chapter 
we  examine  three  conjectures  of  the  above  form  which  deal  with  the 
quadratic  character  of  the  sequences  (n,1  +  l},  (T^),  and  {G^}  ,  where 
the  numbers  T^  and  may  be  defined,  respectively,  by  means  of 


and 


00 


n=0 


The  well-known  conjecture  of  H.  Brocard,  [3],  concerning  the 
sequence  [n'  +  l)  ,  may  be  stated  in  the  following  form! 


The  only  values  of  the  natural  number  n  for  which  the  diophantine 

equation 

*  By  this  we  mean  the  property  of  squareness  or  non-squareness  of  numbers. 


(3.1) 


n:  +  1 


is  solvable  are  4,  5j>  and  7. 

Several  attempts  have  been  made  to  prove  the  unsolvability  of  (3.1)  for 
n  >  7  )  but  relatively  little  success  has  been  obtained*  see,  for  example, 

[10] .  Perhaps  the  most  successful  attempt  made  was  that  of  M.  Kraitchik, 

[11] ,  who  was  able  to  show  that  equation  (3. l)  is  unsolvable  for 

7  <  n  <  1020.  His  scheme,  outlined  by  D.  H.  Lehmer  in  [13],  can  be 
described  as  follows!  Suppose  that  p  is  a  prime  >  n  and 

(3.2)  n.'  +  1  =  a  (mod  p)  . 

For  k  =  p-n  ,  multiply  both  sides  of  this  congruence  by 
(n+l)(n+2)  ...  (p-l)  =  (p-k-t-1 ) (p-k.4-2 )  ...  (p-l) 

=  (-l)1*"1  (k~l).'  (rood  p) 

to  obtain 

(3.3)  (p-i);  +  (-i)k“L  (k-i):  -  aC-i)1"'1  (k-i):  (mod  P)  . 

By  Wilson's  theorem  (p-l).'  =  “1  (mod  p)  so  that  (3.3)  reduces  to 

(3.^)  a  5  1  +  (mod  p)  • 


In  general,  the  scheme  consists  in  examining  congruence  (3.*0  f°r 
k  =  1,  2,  J>,  ...  until  a  prime  p  =  k+n  is  found  for  which  1  + 


is  a  quadratic  non^residue  of  p.  Since  the  number  a,  defined  by 
means  of  (3.2),  must  be  a  quadratic  residue  of  p  for  the  equation 
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nj  +  1  =  x  to  be  solvable,  the  existence  of  such  numbers  k  and  p 
corresponding  to  a  particular  value  of  n  implies  that  nj  +  1  is  not 

a  perfect  square.  For  example*  a  substitution  of  the  values  2  and 

1 

3  for  k  in  (3.^0  yields,  respectively,  a  =  2  and  as—  (mod  p). 

Now,  primes  of  the  form  8x  +  3  have  2  as  a  quadratic  non-residue. 
Hence  n.’  -f  1  =  x2  is  not  solvable  if  n+2  or  n+3  is  a  prime  of  the 
form  8x  +  3,  giving  an  infinite  number  of  cases  in  which  n.'  +  1  is 
not  a  perfect  square.  Kraitchik  includes  a  table  in  [ 1 1 ]  which  supplies 
for  each  value  of  n  in  1  <  n  <  1019>  n  ^  k,  7 >  the  numbers  a 

and  p  for  which  nj  +  1  =  a  (mod  p)  and  for  which  a  is  a  quadratic 
non-residue  of  p.  Thus,  by  means  of  this  table,  he  is  able  to  establish 
the  unsolvability  of  (3.l)  for  7  <  n  <  1020. 

We  now  develop  a  method  which  utilizes  the  central  idea  of 
Kraitchik* s  scheme,  namely*  if  n)  +  1  ■  a  (rood  p)  and  a  is  a 
quadratic  non-residue  of  p,  then  n*  +  1  is  not  a  perfect  square. 

This  method,  ideally  suited  to  computer  use,  will  serve  to  establish  the 
following  theorem. 

Theorem  3. 1. 

If  the  diophantine  equation 
(3.5)  n’  +  1  =  x2 

has  solutions  other  than  (n,x)  =  (4,5)>  then  n  >  10,000. 

Proof’ 

The  numbers  0,  +  1,  +  2,  . ..,  +  (^“)  form  a  complete  residue 
system  (mod  p).  Thus,  for  any  odd  prime  p  ,  there  are  precisely 


quadratic  residues.  In  what  follows  R  and  N  denote,  respectively, 

P  P 

the  set  of  quadratic  residues  including  0  and  non-residues  of  p. 

For  n  a  positive  integer  and  p  an  odd  prime,  let 
n.'  +  1  =  b(n, p )  (mod  p)  . 

If  b(n,p)  €  N  ,  it  follows  that  (3.5)  unsolvable^  but,  in  the  case 
b(n,p)  €  Rp  ,  no  definite  conclusion  can  be  drawn  about  the  quadratic 
character  of  n.'  +  1.  Intuitively,  one  would  expect  that  for  the  randomly 
chosen  integer  n  ,  the  probability  that  b(n,p)  €  R^  is  approximately 
~  for  large  p. 

Using  the  above  criterion,  a  sieve  process  can  be  designed  to 
test  the  solvability  of  (3.5)  f°r  values  of  n  <  10,000.  To  do  this  we 
first  define  to  be  the  set  of  integers  [l,  2,  3>  .  ..>  10,000}  and 

choose  a  sequence  of  primes  {p_^}  >  where  10,000  <  P]_  <  Pg  <  •••  • 
Corresponding  to  each  element  of  the  sequence  (p^j  we  form,  successively, 
the  sets 


and 


T±  =  U;  n  €  S1d1,  b(n,pi)  €  N  ) 

pi 


T. 

J 


=  Si-1 


for  i  =  1,  2,  3, 


o  9  a 


For 


n  e  U  T,  ,  say  n  e  T,  ,  the  quantity 

j-i  3 


n*  +  1  is  known  not  to  be  a  square  by  virtue  of  the  fact  that  b(n,p^)  e  N 

One  would  expect  that  approximately  elements  of  the  set  S()  would 
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not  be  ruled  out  at  the  1  stage  of  the  process  and  hence  would  be  includ¬ 
ed  in  the  set  .  The  above  iterative  process  is  stopped  at  the  stage 
i  =  M,  where  the  number  M  is  chosen  so  that  the  expected  number  of 
elements  in  which  are  not  solutions  of  (3.5)  less  than  1. 

We  illustrate  the  above  scheme  with  the  following  example. 


For  SQ  =  (l,  2,  3,  . 
sequence  of  consecutive  primes 


.,  10}  ,  let  us  choose  to  work  with  the 
til,  13,  17,  Since  p1  =  11  ,  we  have 


Np  =  N11  =  t2’  6’  7’  8’  101  • 


Next,  for  n  e 


form  n,’  +  1  modulo  11  • 


1 

2 

5 

4 

5 


+  1=2 
+  1  =  3 
+  1=7 
+  1  =  3 
+  1  =  0 


61 

V 

&: 

91 

10j 


+  1  =  6 
+  1  =  3 
+  1  =  6 
+  1  =  2 
+  1  =  0. 


(mod  11 ) 


Thus  T^  =  {n*  n  €  SQ,  b(n,  ll)  €  N^} 


and 


=  [1,  3,  6,  8,  9) 

■  so  -  Ti 

=  { 2 ,  k,  5,  1,  10}  . 


Choosing  the  next  prime  of  the  sequence,  we  obtain  p^  =  13  and 

N-  =  [2,  5,  6,  7,  8,  11],  Furthermore, 

O 


21  +  1  =  3 
4!  +  1  5  12 
5'  +  1  =  4 


7.’  +  l  =  10 
10:  +  1=7 


(mod  13) 
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so  that  Tg  =  C 10)  and  S2  =  {2,  4,  5,  7}. 


Finally,  for  =  17  and  N  =  [3,  5,  6,  7,  10,  11,  12,  14], 

we  have 


21  +  1  =  3 
4.'  +  1  =  8 


5:  +  1  =  2 
7.’  +  1  =  9 


(mod  17)  . 


Hence  T  =  {2)  and  S  =  [4,  5>  7).  Since  we  know  that 
5  J 

4. ’  +  1  =  52 

5. ’  +  1  =  ll2 

7.'  +  1  =  712  , 


the  sieving  of  is  complete  and  we  conclude  that  the  only  solutions 

to  nl  +  1  =  x2  for  n  <  10  are  (n,x)  =  (4,5),  (5, ll),  (7;7l). 


The  sieve  process,  although  brief  and  straight-forward  in 
application  in  the  preceding  example,  becomes  extremely  tedious  to  use, 
manually,  when  the  number  of  elements  of  is  large.  Hence,  in  order 

to  apply  the  process  to  the  set  SQ  =  (l,  2,  3>  .  ..>  10,000],  we  resort 
to  the  use  of  electronic  computing  aids. 


The  I.B.M.  1620  electronic  computer  was  programmed  to  execute 
the  various  steps  in  the  sieve  process.  The  programming  of  the  computer 
was  facilitated  by  the  use  of  the  1620  Symbolic  Programming  System  (S.P.S), 
a  method  wherein  symbolic  language  rather  than  the  numerical  language  of 
the  machine  is  used.  A  program  written  in  this  symbolic  language  and 
intended  for  translation  into  machine  language  is  called  a  source  program. 
Table  [V]  shows  the  S.P.S.  source  program  designed  for  testing  the 
solvability  of  (3.5)  f°r  n  <  10,000  by  means  of  the  sieve  process. 
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In  this  program,  a  block  B  of  consecutive  blank  memory  locations  was 
reserved,  the  (i+l)St  position  in  B  corresponding  to  the  i^  element  of 
the  set  Sq„  A  second  block.  A,  of  consecutive  memory  locations  was  reserved 
to  correspond  to  the  numbers  0, 1,2, . . . ,p-l,  respectively,  for  any  prime  p 
of  the  sequence  {p^)  used  in  the  process.  Here,  the  sequence  of  consecutive 
primes  10007 >  10009 .>  ...  was  used.  In  the  first  step  of  the  process,  the 

p-j^-1 

numbers  m(w)  were  formed  for  w  =  0,1,2,...,  — - — -  ,  where  m(w)  denotes 

the  least  positive  residue  of  w2(mod  p^).  Flags  were  then  placed  in  the 

positions  of  block  A  corresponding  to  the  numbers  m(w).  Hence,  the  absence 

of  a  flag  in  the  (i+l)  position  in  A  implied  i  6  N  .  Now,  to  begin  the 

P1 

process  of  sieving,  the  numbers  b(n,p^),  where 
n.*  +  1  =  b(n,p1) 

and 

0  <  b(n,Pl)  <  px  -  1  , 

were  formed  for  n  e  S^.  As  each  number  b(n,p.^)  was  formed,  the  position 
in  block  A  corresponding  to  b(n,p^)  was  examined.  If  this  position 

contained  a  flag,  implying  that  b(n,p. )  e  R  ,  a  flag  would  then  be  placed 

1  pi 
s  t 

in  the  (b(n,p1)4-l)  position  of  B.  Thus  the  set  Tn  consisted  of  those 

i  i 

s  t 

elements  n  for  which  the  (n-§-l)  position  in  block  B  contained  no  flag. 
Following  the  completion  of  this  stage  of  the  process,  the  prime  p^  and  the 
set  were  output  by  the  computer. 

In  general,  for  the  i*"*1  stage  of  the  sieve  process  (i  >  l),  the 

block  A  is  replaced  by  blank  memory  locations  and  a  flag  then  placed  in 

position  (j+l)  of  A  if  j  e  R  .  For  each  element  n  of  S.  -,  that  is 

pi 

for  each  element  n  for  which  a  flag  is  present  in  position  (n+l)  of  block 

B,  the  quantity  b(n,p^)  is  formed.  The  absence  of  a  flag  in  position 

s  t 

(b(n,p^)+l)  of  A  results  in  the  removal  of  the  flag  in  the  (n+l)  position 

of  block  B  and  the  output  of  the  number  n,  where,  now,  n  g  T  . 
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Approximately  6 5  minutes  of  computer  time  were  required  to  sieve  S^. 
using  the  sequence  of  12  consecutive  primes  10007,  10009,...,  10111.  Each 
prime  p^  together  with  the  elements  of  the  corresponding  set  T\  for 
i  -  1,2, 3^  „  .  . ,  12  and  the  resulting  set  are  shown  as  output  by  the 

computer  in  Table  [VX]  of  the  Appendix.  Since  =  (4,5j7).>  we  roay  conclude 

that  the  only  solutions  to  equation  (3.5)  f°r  n  <  10,000  are 

(n,x)  =  (4,5),  (5,11),  (7,71). 


A  generalization  of  equation  (5.5)  might  be  of  the  form  n.'  =  x2-y2 
or,  further,  n!  =  x^-y^  ,  where  d  is  some  natural  number  >  1.  P.  Erdos 
and  R.  Oblath,  [8],  considered  the  solvability  of  diophantine  equations  of 
the  form 


and 


d  d 
x  +  y 


n„  +  m' 


d 

x 


(d  >  2)  , 


(n  >  m  >  l)  . 


They  succeeded,  in  particular,  in  showing  that  the  equation 


is  unsolvable  if  d  is  any  natural  number  which  is  not  a  power  of  2  or 
if  d  =  2°°  ,  a  >  3.  The  method  of  proof  which  they  used  in  the  previous 
cases  did  not  follow  through  completely  in  the  case  d  =  4,  but  they  were 

4  4 

able  to  prove  that  the  equation  n.‘  =  x  »y  has  at  most  a  finite  number  of 
solutions.  The  problem  involving  n'  -■  xc~  -  y2  ,  however,  is  comparatively 
trivial. 

Let  us  now  consider  the  following  conjecture  concerning  the 
sequence  (Tn)  : 

The  number  T  , 
n 


defined  by  means  of 


00 


X  + 


(3.6) 


n=0 


e 


x 


2 


) 


is  never  a  square  for  n  >  3. 

Originally,  the  T^'s  arose  as  the  number  of  solutions  of  x2  =  1  in 

,  the  symmetric  group  of  degree  n.  The  equivalence  of  this  definition 
with  (3.6)  and  with 


(3-7)  Tn  =  In.x  +  (n-1)  Xn.2  (Tq  -  Tx  -  1) 

was  established  by  S.  Chowla,  I.  Herstein,  and  K.  Moore,  [4]. 


In  the  examination  of  the  above  conjecture,  we  will  apply  a 
slight  modification  of  the  sieve  process  illustrated  in  the  proof  of 
Theorem  3.1.  Suppose  that  the  quadratic  character  of  T^  for  0  <  n  <  N 
is  to  be  investigated.  We  then  define  to  be  the  set  of  integers 

{0,  1,  2,  3,  . . .  y  N]  and  delete  from  those  elements  n  for  which 

there  exists  a  prime  p  such  that  is  congruent  to  a  quadratic  non¬ 

residue  of  p.  Here,  it  is  desirable  to  have  a  fairly  simple  algorithm 
for  computing  T^  (mod  p).  Now  it  was  shewn  in  [4]  that 

T  s  T  (mod  m)  m  odd. 

n+m  n 

Hence,  for  p  an  odd  prime,  the  sequence  [T^}  reduced  modulo  p  is 
periodic  with  period  p  *  that  is 

(3.8)  Tn+mp  =  Tn  (mod  p)  ,  m  =  0,  1,  2,  3»  ...  • 

To  determine  all  the  elements  of  (T  }  (mod  p)  .  it  then  suffices, 

n 

because  of  (3.8),  to  compute  T^  (mod  p)  for  n  =  0,  1,  2,  . ..,  p-1. 

This  is  accomplished  by  means  of  (3.7). 


We  now  set  up  a  sieve  process  for  by  first  choosing  a 

sequence  of  primes  2  <  pL  <  p^  <  ...  .  Corresponding  to  each  element, 
p^  of  this  sequence  we  form  the  set  where 


V.  =  {n  ;  n  €  S.^,  Tn  =  b(n,p.),  b(n,p.)  e  Np  )  , 


and  the  set  where 


S.  =  S  -  U  V. 
1  0  >i  J 


-  si-i-vi 


The  periodicity  of  the  T^'s  simplifies  the  process  of  forming  the  set 
considerably.  For,  let 


Tn  s  b(m,p.)  (mod  p^)  ,  0  <  ro  <  pi~l  , 

then  b(m,p^)  e  implies  n  €  for  all  n  e  S.  ^  such  that 

n  =  m  (mod  p.).  The  sets  V,  and  S.  are  formed  for  i  =  1,  2,  .  ..,  M 

i  i  i 

where,  due  to  probability  considerations,  we  choose  M  to  be  approximately 
log  N/log  2.  The  final  set,  ,  of  the  sieve  process  contains  those 

numbers  n  in  0  <  n  <  N  for  which  T  may  be  a  perfect  square.  The 
details  of  this  process  can  best  be  illustrated  by  means  of  a  numerical 
example.  Let  N  =  20  so  that  SQ  =  {0,  1,  2,  3>  20}.  By  choosing 

the  sequence  of  consecutive  primes  3>  Is  . ..  to  use  in  t*16  si®ve 
process  we  find  that  N  ,  the  set  of  quadratic  non-residues  of  p^  ,  takes 


the  form 


Using  (3.7),  we  have 


* 


(mod  3)  . 


T0  =  1  ,  Tx  s  1  ,  T2  =  2 


Since  is  congruent  to  a  quadratic  non-residue  of  3>  it  cannot  be  a 
perfect  square.  In  fact,  by  virtue  of  (3.8),  T^  cannot  be  a  square  if 
n  =  2  (mod  3).  Thus 


n 


vl  =  [2,  5,  8,  11,  14,  it,  20) 

and 

S1  =  fo,  1,  3,  4,  6,  T,  9,  10,  12,  13,  15,  16,  18,  19) 


Repeating  the  above  procedure  for  Pg  =  5  : 


n5  =  [2,33 

and,  from  (3.7), 


T  =  1 
0 


T2  =  2 


t4  e  0 


T  =  1 
1 


T  =  b 


(mod  5). 


Hence, 


V2  =  {7,  12)  , 

So  =  (0,  1,  3,  4,  6,  9,  10,  13,  15,  16,  18,  19) 


Now  p  =  7  and 

j 

=  [3,  5,  6]  . 

Computing  T  (mod  7)  lot  n  =  0,  1,  2,  ...,  6  gives 


T0*  1 


T  =  4 
J 


T6.6 


T  =  1 
1 


T,,  «  3 


T2  =  2 


V5 


(mod  7) 


Thus, 
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v5  =  {4,  6,  13,  18,  19} 

and 

S?  =  (0,  1,  3,  9,  10,  15,  16)  . 


At  the  fourth  stage  of  the  process  we  find  =  11  and 

Nn  =  [2,  6,  1,  8,  10]  . 

Furthermore, 


so  that 

\  =  {9,  15}  , 

s4  =  (0,  1,  3,  10,  16)  . 


F°r  P?  =  13  , 


and 


n13  =  [2,  5,  6,  7,  8,  11] 


T1 

s  1 

t6  *  11 

T  = 
11 

11 

T2 

=  2 

x?  =  11 

T  = 
12  “ 

12 

T3 

5  k 

t8  -  10 

t4  =  10  t9  5  7 


(mod  ll)  , 


(mod  13). 


Hence 


v5  =  (10)  , 

s5  =  (o,  l,  3,  16}  . 

If  =  YJ ,  we  find  that 

N1?  =  [3,  5,  6,  1,  10,  n, 

and 


T^ 

= 

1 

OD 

III 

V 

H 

0 

O 

T, 

ZZ 

1 

1 

T^  s  11 

T 

2 

= 

2 

t8  *  16 

T, 

4 

H 

» 

III 

rv> 

9 

t4 

= 

10 

Tio  =  10 

= 

9 

T11  S  ^ 

12,  14  ] 

4 

7 

8 
4 
r 

(mod  17 ) 


12 


15 


T 

T 


15 


16 


Thus 

v6  =  {16}  , 

s6  =  10,  1,  3}  . 


Combining  the  foregoing  results  we  find  that  for  0  <  n  <  20  ,  is  a 

square  only  if  n  =  0,  1,  that  is, 


A  program,  written  in  the  language  of  S.P.S,  and  illustrated 
in  Table  [VII]  of  the  Appendix,  was  designed  to  test  the  quadratic 
character  of  Tr  for  0  <  n  <  10,000  by  means  of  the  sieve  process. 
This  program  differed  from  the  corresponding  one  of  Table  [V]  in  that 


the  simplifications  introduced  by  the  periodicity  of  the  T^'s  were 

taken  into  account.  Compilation  of  the  program  and  production  were 

accomplished  with  the  aid  of  the  I.B.M.  1620  electronic  computer,  the 

total  production  time  totalling  JO  minutes.  During  the  production  run, 

17  primes  were  found  sufficient  to  reduce  the  set  =  [o,  1,  2,  ...,  10,000} 

to  the  set  S  =  [o,  1,  j] .  Table  [VIII]  of  the  Appendix  shows  each 
I  ( 

prime  p_^  together  with  the  corresponding  set  ,  for  i  =  1,  2,  J,  ...,  17, 

as  output  by  the  computer.  The  last  portion  of  the  table  lists  the  elements 
of  Slr 

As  a  consequence  of  the  above  results,  we  have  the  following 

theorem! 


Theorem  3.2. 

The  number  T^  is  never  a  square  for  10,000  >  n  >  J, 

The  Bell  numbers,  (G  }  ,  constitute  an  additional  example  of  a 

li 

sequence  of  integers  whose  quadratic  character,  at  least  for  n  bounded, 
is  easily  revealed  by  the  application  of  the  sieve  process.  These  numbers, 
usually  defined  by  means  of 


00 


n=0 


x 


have  been  the  subject  of  many  enquiries  and  conjectures.  L.  Moser  and 
M.  Wyman  in  [16]  and  [l6a],list  references  t.o  several  of  the  principal 
results  concerning  the  G's.  A  thesis  of  H.  Finlayson,  University  of 
Alberta,  gives  over  JO  references  pertaining  to  these  numbers.  In  [16], 
a  very  useful  algorithm  for  computing  G  is  described.  Consider  the 
following  array  of  numbers! 
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n 

m 

01234 

0 

1  1  2  5  15 

1 

237 

2 

5  10 

5 

15 

If  G  denotes  the  number  in  the  mth  row  and  the  nth  column,  then  the 
m,n  ’ 

array  is  determined  by! 


G0,0 


G 

ro,  n 


0  ,  n+ 1 


Go,i  =  1  ' 


G  1  ,  4-  G  .. 

m~l,n+l  m-l,n 


n,0  * 


It  follows  that 


(m  >  1 )  , 


GA  =  G 
0,n  n 

from  the  equation 


Gn+1  =  (Gf-l)n 


established  by  G.  Williams,  [21j.  Here, 


a 

n 

Gn 

+ 

a  1 
n-1 

Gn-i 

"f"  O  V  • 

*  ai 

G1 

+ 

r° 
a0  G 

a 

n 

G 

n 

+ 

a  1 
n-1 

Gn-1 

O  •  • 

+  ax 

G1 

+ 

ao  Go* 

the  polynomial 

is  to  be  interpreted  as 


Another  useful  property  of  the  G's  established  in  [21]  is  the 
congruence  relation 


(3.9) 


G 

p+n 


G 

n 


+  G 


n-fr-1 


(rood  p)  , 


where  p  denotes  a  prime.  Thus,  the  sequence  {G  ]  when  reduced  (mod  p) 


must  be  periodic.  Trivially,  a  necessary  and  sufficient  condition  that 


the  numbers 

that  G 

r  +cl 
P 

G.  Williams, 
a  divisor  of 


Gq,  Gx,  ...,  Gr  (mod  p)  constitute  a  complete  period  is 

P~ 

G  (mod  p)  for  each  value  0,1,2,  ...,  p-1  of  a. 

CL 

[21],  proved  that  r  ,  the  length  of  the  period,  must  be 

p-1  • 


We  now  use  the  sieve  process  and  the  above  properties  of  the 


G  's  to  establish: 
n 


Theorem  3.3. 

The  Bell  number,  G^  ,  is  never  a  square  for  1  <  n  <  10,000. 

Proof : 

Before  proceeding  with  the  proof  of  the  theorem  let  us  first 

develop  a  simple  algorithm  for  computing  G  (mod  p),  n  =  0,  1,  2,  ..., 

n 

Consider  the  following  array  of  numbers: 


ao,o 

ao,i 

a0,2  a0, 3 

ai,0 

^  *1  n  •  «  • 

(3.1°)  a2>0 

• 

a2,l 

• 

determined  by: 

(U 

o 

v* 

o 

II 

ao,i 

i  , 

(3.H)  a  = 

m,n 

aro-l,n+l 

+  a  ,  (mod 

m-l,n  v 

(m  >  1)  ,  (0  <  a  <  p-1) 

'  —  '  7  —  m,n  — 
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It  is  clear  that  a^  ^  is  the  least  non-negative  residue  of  (rood  p); 

that  is, 

Gn  ^  a0,n  (m°d  P>  ' 

Thus,  we  will  use  the  above  array  to  determine  (rood  p)  for 

0  <  n  <  P“l.  Congruence  (3.9.)  then  provides  a  sirople  method  for  computing 

G  (mod  p)  for  n  =  p,  p+1,  ,  min(r  +p-l,  N)  ,  where  r  is  the 
n  P  P 

period  length  of  the  sequence  (G  }  (rood  p)  and  is  the  smallest  positive 
integer  for  which 

Gr  +a  "  Ga  ^od  p)  >  a  =  0;  1 ,  2,  . .  . ,  p-1  . 

P 

If  r^+p-l<N,  the  determination  of  the  remaining  numbers  G^  (mod  p)  up  to 
n  =  N  is  accomplished  by  means  of  the  congruence 


(3.12) 


G 

n+mr 

P 


G^  (mod  p)  , 


where  0  <  n  <  r  -1  and  m  =  0, 
“  “  P 

be  used  to  compute  G  (rood  p) 


1,  2,  ...  .  This  algorithm,  then,  will 

as  required  by  the  sieve  process. 


A  brief  description  of  the  sieve  process  as  applied  in  the 

investigation  of  the  quadratic  character  of  G  for  0  <  n  <  N  follows. 

11 

We  first  define  to  be  the  sequence  of  integers  [O,  1,  2,  ...,  N] 

and  choose  a  sequence  of  primes  {p^}  ,  where  2  <  p1  <  p~  <  . . .  .  Let 

b(n,p)  denote  the  least  non-negative  residue  of  (mod  p),  that  is 

Gn  s  b(n,p )  (rood  p). 

Then,  corresponding  to  each  element  of  the  sequence  lP^)  >  we  form, 

successively,  the  sets 


i-1' 


b(n,p  )  e  N  j 
1  i 


V. 

i 


[n  ;  n  e  S 


N 


D  . 
*  1 


denoting  the  set  of  quadratic  non-residues  of 


V. 

j 


and 


In  this  way,  the  integers  n  in  0  <  n  <  N  for  which  is  not  a 

square  are  removed  from  S^.  As  a  result  of  forming  and  for 

i  =  1,  2,  . ..,  M  ,  where  M  is  approximately  log  N/log  2  ,  we  obtain 
the  sequence  of  sets 


S0>S1>S2>-”>SM- 


To  complete  the  process,  the  numbers 
their  quadratic  character  examined. 


G 

n 


for  n  €  S. .  are  calculated  and 
M 


As  an  illustration  of  the  above  process,  we  prove  that  G^  is 
not  a  square  if  1  <  n  <  20.  Let  SQ  =  {0,  1,  2,  ...,  20}  and  [ p^ }  =  (3;5j>7.> 
the  sequence  of  consecutive  primes.  The  first  step  of  any  stage  in  the  sieve 
process  consists  in  forming  an  array  equivalent  in  form  to  (3. 10)  by  means 
of  the  set  of  equations  (3. li),  m  <  p-2,  n  <  p~l.  Thus,  for  p  =  p1  =  3; 
we  have  the  array: 


1 

2 


1  2 

} 


which  yields  G  1,  G^  =  2 


G  _  s  G  +  G  1 
n+3  n  n+1 


hence,  the  sequence  {G^,  G^, 


(mod  3).  From  congruence  (3.9)  with  p  =  3> 
(rood  3)  ; 

G2’  ***  G12^  iS  ecluivalent  (mod  3)  to 
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(3.13)  (l,  1,  2,  2,  0,  1,  2,  1,  0,  0,  1,  0,  1} 


Since  =  G^  (rood  3)  for  00  =  0,  1,  2  we  find  that  ,  the  period 

length  of  {G^}  (rood  3)>  Is  13.  The  set  °f  quadratic  non-residues  of  3> 

N  ,  consists  of  the  single  element  2.  Thus,  from  (3. 13)>  b(n,3)  €  N_ 

3  3 

if  n  =  2,  3,  6.  Furthermore,  because  of  (3.12),  b(n,3)  €  N_  if 

3 

n  =  15,  16,  19.  Hence  V  =  [2,  3,  6,  15,  16,  19)  and  S  =  {0,  1,  4, 

5,  If  8,  9)  10,  11,  12,  13,  14,  17,  18,  20}.  When  p  =  =  5,  we  obtain 

the  array: 


112  0  0 
2  3  2 
0  0 
0 


From  the  above  array  and  congruence  (3.9)  we  have 


{G0’G1’G£ 


.,G2q}  2  (1,1, 2,0, 0,2, 3,2, 0,2, 0,0, 2, 2, 2, 0,2, 4, 4, 2, 2)  (rood  5) 


and  we  find  that  r_  >  20. 

5 

Since  =  [2,3], 

v2  =  (5,  1,  9,  12,  13,  14,  20) 

and 

s2  =  {0,  1,  4,  6,  10,  11,  17,  18}  . 

Using  the  same  procedure,  it  can  be  shown  that: 
(l)  for  p?  =  7, 

V,  =  (8,  10,  17)  , 

3 

S.  =  (0,  1,  4,  11,  18}  ; 

3 
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(ii)  for  =  11, 

v4  =  (11)  , 

=  (0,  1,  4,  18)  ; 

(ill)  for  Pj  =  13) 

v  =  (4,  18}  , 

5 

s  =  (o,  l)  . 

of  G  for  0  <  n  <  20 
n  ~ 

G^  is  never  a  square 


Now  0^  =  =  1 ,  hence  the  quadratic  character 

has  been  determined.  As  a  result,  we  find  that 


fn-r  1  <?  m  <*  PD 


The  I.B.M.  1620  electronic  computer  was  programmed  to  follow  the 

above  scheme  in  order  to  investigate  the  quadratic  character  of  G  for 

0  <  n  <  10,000.  Table  [IX]  of  the  Appendix  illustrates  the  S.P.S.  source 

program  used.  Here,  the  techniques  employed  in  the  program  to  form  the 

sets  and  are  seen  to  be  equivalent  to  those  in  the  programs  of 

Tables  [V]  and  [VII].  The  total  time  taken  to  sieve  the  set  [o, 1,2, . . . , 10, 000 ) 

using  the  sequence  of  consecutive  primes  {^,  . . .  >61}  was  70  minutes. 

At  each  stage  of  the  process,  the  machine  output  the  quantities  p.  ,  r  =1, 

"i 

and  the  elements  of  the  set  T,  ,  where  the  number  10,000  was  output  for 


r  -1  if  r  -1  +  p.  >  10,000.  Table  [X]  of  the  Appendix  lists  the 
P .  p .  ri  ”  7 

1  1 

quantities  p^,  r^  -1,  and  T^  for  i  =  1,  2,  . ..,  17  and  the  elements 
of  S^.  The  result  =  [0,  l]  establishes  Theorem  5.3. 


Recently  M.  Wunderlich,  at  the  University  of  Colorado,  investigated 
the  quadratic  character  of  the  Fibonacci  numbers  [F  ].  Using  an  I.B.M.  7^9 


■ 
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electronic  computer  and  essentially  the  same  sieve  process  as  was  applied 
in  this  chapter  to  the  sequences  {nt’  +  l],  {T^}  ,  and  {G^}  ,  he  found 
that  1  <  n  <  left  ,  is  a  square  only  if  n  =  1,  2,  12. 


CHAPTER  IV 


A  theorem  of  Fermat  states  that  if  p  is  a  prime,  and  p  y  a,  then 

(4.1)  aP  1  a  1  (mod  p)  . 

Thus, 

(4.2)  l?-1  +  2P-X  +  ...  +  (p-l)P-1  s  -1  (mod  p )  , 

if  p  is  a  prime.  The  question  then  arises  whether  or  not  it  is  necessary 
that  p  be  a  prime  in  order  that  congruence  (4.2)  hold;  that  is,  do  there 
exist  composite  n  for  which 

(4.3)  ln_1  +  211"1  -!■...  +  (n-l)11"1  ^  -1  (mod  n)  ? 


This  problem  is  unsolved  and  is  included  in  a  collection  of  unsolved 
problems  of  arithmetic  by  W.  Sierpinski  in  [20], 

In  1950>  G.  Giuga  [9],  conjectured  that  the  answer  to  the  above 
question  is  negative.  He  proved  that  the  necessary  and  sufficient 
condition  for  congruence  (4.3)  to  hold  with  composite  modulus  n  is 


n 

P 


1  (mod  p(p-l)) 


for  each  prime  divisor,  p  ,  of  n.  From  this,  Giuga  obtained  further 
restrictions  on  n  which  enabled  him  to  check  his  conjecture  by  means  of 
considerable  calculations  for  all  n  <  10^^. 

A  line  of  argument  very  similar  to  that  employed  by  Giuga  will 
be  used  in  this  chapter  to  obtain  the  following  extension  of  his  result: 

Theorem  4. 1. 


If  the  congruence 
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.n-l  n-1  /  . Nn-1 

1  +  2  +  ...  +  (n-1) 

is  to  hold  for  the  composite  modulus  n 
Proof : 


-1  (mod  n) 
then  n  >  lO^000. 


We  use  the  following  lemma: 


Lemma  4.1.* 

Let  p  be  a  prime  number  and  m  any  positive  integer.  Then 


,m 


1  +  2 


m 


(P-1) 


m 


-1  if  (p-l)/m 
0  if  (p-1)  /  m  (mod  p). 


Proof  of  Lemma  4. 1: 

Let  g  be  a  primitive  root  of  p.  The  numbers  g,  2g,  . ..,  (p-l)g 
reduced  (mod  p)  are  the  numbers  1,  2,  .  ..,  (p-l)  in  some  order;  hence 


l”  +  2™  +  ...  +  (p-l)™  ^  gm  +  (2g)“  +  ...  +  ((p-Dgf  (mod  p) 

and 

(l"  +  2m  +  ...  +  (p-l)")(g"-l)  =  0  (mod  p). 

If  m  is  not  a  multiple  of  p-l  then  by  the  definition  of  g  , 
gm-l  p  0  (mod  p).  It  follows  that 

l”  +  2m  +  ...  +  (p-l)™  =  0  (mod  p). 

In  the  case  (p-l)//m  we  have,  from  (4.1), 
a™  =  1  (mod  p) 

for  (p,a)  =  1.  Hence 


A  proof  of  this  lemma  is  given  by  G.  H.  Hardy  and  E.  M.  Wright  in  "An 
Introduction  to  the  Theory  of  Numbers.” 
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lm  +  2m  -}-  ...  +  (p“l)m  3  -1  (rood  p). 

Proceeding  now  with  the  proof  of  Theorem  4.1,  we  let  p  be  a 
prime  divisor  of  n  and  consider  the  congruence  ln~^  +  2n“^  +  +  n11”^ 

(rood  n)  modulo  p.  Then 

(4.4)  (in  +  2n  +  ...  +  (p-l)n  1)  (“)  =  -1  (mod  p)  . 

The  relation  1  +  2n  ^  +  . . .  +  (p-l)n  ^  ^  0  (mod  p)  implies,  from 

Lemma  4.1,  that  (p-l^n-l)  ;  that  is, 

(4.5)  p/n  implies  (p-l)/(n~l)  . 

Again  from  Lemma  4. 1, 

l"-1  +  2n'1  +  ...  +  (p-1)”'1  =  -1  (mod  p)  . 

A  comparison  of  this  congruence  with  (4.4)  yields 

(4.6)  "  =  1  (mod  p)  . 

Clearly,  (4.6)  is  equivalent  to 

n  s  p  (mod  p2)  , 

which  proves  that  n  is  squarefree  and  thus  of  the  form  n  =  p»q»r«  ..., 
where  p,  q,  r,  ...  denote  distinct  primes.  Furthermore,  since  n  is 
squarefree  and  assumed  composite,  it  has  at  least  one  odd  prime  divisor, 
say  p.  By  (4.5),  we  then  have  (p-l)//(n=-l)  ,  which  implies  that  n-1  is 
even  and  hence  n  is  odd. 

A  congruence  of  the  form  (4.6)  must  hold  for  each  prime  divisor 
of  n  ,  so  that  by  multiplying  all  of  these  congruences  together  we  obtain 


«  «  • 


-  0  (mod  n)  . 


(*.7)  (f  -  DCf  -  i)("  -  i) 

p  q  r 


To  simplify  this  congruence  we  note  that  products  involving  two  or  more 
distinct  factors  of  the  form  —  are  divisible  by  n  ;  hence  (4.7) 
reduces  to 


n 


—  =  1  (mod  n) 


p/n 


It  follows  that 


1  _  1 


n 


(mod  l)  , 


p/n 


and  since  we  are  assuming  n  composite 


(4.8) 


1  .  ,  1 
p  —  n 


p/n 


Now  if  p  is  any  prime  divisor  of  n  and  q  is  a  prime  >  p 
such  that  q  =  1  (mod  p)  ,  then  q  /  n.  For  suppose  that  q  /  n.  From 
(4.5)j  (q-l)/(n-l)  ;  but,  since  p/(q»l)  ,  it  follows  that  p/(n=l), 

which  contradicts  the  assumption  that  p/n.  Thus,  the  elements  p^  , 
where  2  <  p^  <  p^>  <  ...  <  ,  occurring  in  the  series  ^  —  of  (4.8) 

have  the  property  that  ^/n 

Pj  f  1  (mod  Pt) 


for  every  i  and  j  such  that  l<i<k,  i  <  j  <  k 


62- 


In  this  connection  it  is  of  interest  to  consider  the  properties 
of  any  sequence  of  primes  2  <  p^  <  p^  <  ...  for  which 

Pj  f  1  (mod  Pt) 

for  every  i  and  j  and  to  examine  the  behaviour  of  the  counting  function 
A(x)  of  those  sequences,  where 


A(x)  =  ^  1  . 


<  x 

P.  Erdos,  [7]  investigated  the  behaviour  of  A(x)  in  the  special  case 

Pi  =3)  Po  =  5;  p_  =  17 ...  >  where,  in  general,  p.  is  the  smallest 
1  d  3  j 

prime  for  which  p^  ^  1  (mod  p^)  ,  1  <  i  <  j  .  He  proved  that 


(4.9) 


A(x)  =  (l  +  o(l)) 


_  X 

log  X  loglog  X 


and  indicated  that  arguments  similar  to  those  used  in  obtaining  (4.9) 
would  establish  the  following  more  general  results 


Let  r  >  1  ,  >  r  + 

smallest  prime  greater  than 


1,  Ql  prime.  Take  Qi+1 
so  that  Q.  ^  t  (mod  Q.)  , 


to  be  the 

1  <  j  <  i, 


1  <  t  <  r. 


I£  v(x) 


denotes  the  number  of  Q’s  not  exceeding  x,  then 


(4.10)  B  (x) 


(1  +  0(1)) 


_  X _ 

log  X  loggX. . . logr+]x 


} 


where  log  x  represents  the  k  times  iterated  logarithm. 

K. 

Now  let  p^  be  any  prime  number  greater  than  2  and  denote 

by  p  the  smallest  prime  greater  than  p  so  that  p  f  1  (mod  p  ), 

1+1  ^  J 
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1  <  j  <  i. 

of  primes 
of  s (px  ) 
of  (4.3). 


Then,  clearly,  each  choice  of  p^  gives  rise  to  a  sequence 
s(p1)  =  (p1,  P2>  Py  . ..}  for  which  s(px)  or  any  subsequence 
constitutes  a  possible  set  of  prime  divisors  of  the  modulus  n 
Furthermore,  from  (4,10),  the  counting  function  of  s(p^)  is; 


B  (x)  =  (l  +  o(l))  - — - : -  . 

Pj_  log  x  loglog  x 


It  follows  that  )  i  diverges  and,  hence,  that  inequality  (4,8) 


P  <  s(pl) 
holds  for  some  values  of  n. 


We  now  return  to  the  proof  of  Theorem  4, 1  and  show  that 
inequality  (4.8)  is  false  if  n  <  1C?®®®  Q 

Let  s  =  {p^,  p^,  .  ..,  p^}  be  any  sequence  of  primes  for  which 

2  <  P1  <  P2  <  •••  pk  -  ^5!  and  Pj  f  l(rood  P± )  ^  1  <  i  <  k  , 

1  <  j  <  k.  It  can  be  shown  by  laborious  computation*  that  for  every 
sequence  s  of  primes  satisfying  these  conditions 


(4.11)  )  ~  <  0.86477  05997  . 

p  €  S 

Referring  to  the  recent  table  of  K,  Appel  and  J,  B,  Rosser,  [1],  we  find 


I 

p  <  4751 

0(4751) 


1 

P 


2.39925  39252  ,  ^ 

p  <  16301 

4665.35934  ,  0(16301) 


2.51567  73552  , 


16177.47129 


* 


The  details  of  these  computations  are  in  the  author's  possession. 
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where  @(x)  =  ^  log  p.  Thus, 

p  <  x 


(4.12)  ^ 

4751<p<  16301 

and 


-  =  0.15522  94003 


(4.13)  9(16301)  -  9(4751)  =  11512.11195  . 


Now  if  t  denotes  any  sequence  of  primes  P?>  •  P^)  for  which 

2  <  Pj^  <  P2  <  ...  <  Pk  <  16301  and  p  f  1  (mod  Pj)  ,  1  <  i  <  k  , 

1  <  j  <  k  ,  then 


pet  pet  4751  <  p  <  16301 

P  <  4751 

<  1 

from  (4,11)  and  (4.12).  Since  3  [|  p  >  10^^  by  (4.13),  it 

4751  <p<  16301 

follows  that  inequality  (4.8)  is  false  for  all  n  <  io50°o_ 

For, 

suppose  that  q j  <  q^  <  * . .  ^  is  a  set  of  distinct  primes  such  that 
ql  #  q2  *  •••  *  qh  =  n 

and 


q/ri 

Define  k  to  be  the  largest  integer  for  which  qk  £  4751 >  where  k  =  0 
if  q  >  4751  $  then,  from  (4.1l), 
k 


<  0.86477  05997  . 
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Fur  therroore, 


h 


I 

i=k+l 


>  1  ,  so  that 


> 


4751  <p<  16301 


1 

P 


and  h-k  >  it(l630l)  -  jt(4751).  Hence 


n  <i  >  n  >  3  n  p  > 105000  . 

q/n  i=k+l  4751<p<  16301 

It  follows  that  inequality  (4.8)  roust  be  false  for  all  n  <  10^^  , 
implying  that  the  congruence 

in  +  2n  1  +  ...  +  (n-1 )n  1  =  -1  (rood  n) 

cannot  hold  if  n  is  composite  and  n  <  10^^. 

It  is  interesting  to  compare  the  problem  considered  in  this 
chapter  with  the  analogous  problem  concerning  Wilson's  theorem.  Here, 
if  p  is  a  prime, 

(4.14)  (p-l)’  +1=0  (mod  p)  , 

and  it  is  comparatively  trivial  to  prove  that  (4.14)  holds  if  and  only  if 
p  is  a  prime.  However,  in  the  congruence 

1P“1  +  2P“1  +  ...  +  (p-l)15”1  =  -1  (mod  p)  , 

derived  from  Fermat's  theorem,  the  problem  of  determining  whether  or  not 
it  is  necessary  that  the  modulus  be  a  prime  is  still  unsolved. 


Another  interesting  unsolved  problem  deals  with  the  equation 
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(4.15)  In  +  2n  +  ...  +  (m-l  )n  =  mn 


for  which  P.  Erdos  conjectured  that  the  only  solution  in  integers 
is  1+2  =  3.  L.  Moser  ,  [ 17  ] ,  examined  the  corresponding  congruence 


in  on  /  ,\n  _  n 

1  +2  +  ...  +  (m-1 )  =  m  ,  n  >  1 


with  various  moduli.  He  obtained  restrictions  on  m  and  n  which 
then  enabled  him  to  prove  that  if  (4.15)  has  solutions  with  n  >  1 

.  ^  1000000 

then  m  >  10 
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APPENDIX 


TABLE  [I] 


EXPONENT  OF  THE  PRIME  (P)  IN  THE  PRIME  FACTORIZATION  OF  (2a) 

cl 


P 

a  2  3  5  7  11  13  17  19  23  2  9  31  37  4l  43  47  53  59  61 


1  1 

2  11 

3  2  - 

4  1  - 

5  2  2 

6  2  1 

7  3  1 

8  12 

9  2  - 

10  2  - 


1 

1  1 

-  1 

-11 
-  -  1 

1-1 
1-1 
-  -  1 


1 

1 

1  1 
111 


11 

12 

13 

14 

15 

16 

17 

18 

19 

20 


3  1-1- 
2  -  -  1 

3-21- 

3  3  2  -  - 

4  2  1- 
12  1  = 

2  3  1  -  1 

2  12  1  1 

3  12  1  1 

2  2  11  1 


111 
1111 
111 
1  1  1 
111 
111 
1  1 

1  1 

1 

1  -  -  1 


1 

1  1 
1  1 
1  1 
1  1 
1  1 


1 

1 


21 

22 

23 

24 

25 

26 

27 

28 

29 

30 


3  1  1  -  1 

3  1  1  -  - 

432- 
2  2  2  - 

3  2  =  2 

3  3-2  = 

4  -  -  2 

3-11  1 

4  111  1 

4  -  -  1  1 


2  3  5  7  11  13  IT  19  23  29  31  37  41  43  47  53  59  61  67  71  73  79  83  89  97  101  103  107  109  113  127  131  137 
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B 

B 

1 
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pH 
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8 

1 

fl 

» 

1 

0 

1 

1 

B 

0 

1 

1 

1 

II 

fl 

1 

1 

8 

0 

• 

1 

1 

B 

1 

0 

B 

8 

pH 

1 

* 

1 

0 

1 

1 

B 

B 

1 

t 

B 

1 
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pH 

pH 
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1 

1 
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pH 
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pH 
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1 

pH 

pH 

1 

1 
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CVJ 
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pH 

pH 

CVJ 
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pH 
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1 
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KN-4 
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m 
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in 

* 

9 

ON  O 

KN-4 

r-i  cvi  kn-4  in  vo  r— 
-4  -4  -4  -4  -4  -4  -4 
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on 


o 

00 


kn 

oo 


On 

t— 


KN 
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t — 

NO 


NO 


ON 

ITS 


KN 

LTN 


J=1 

a 
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kn 
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CM 

rH 

rH 

rH 

rH  rH 

rH 

rH 
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rH 

rH 
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rH 

rH  tH 
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M 

VC 

ON 
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rH 
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rH 

rH 

rH  iH 

CM 

CVJ 

g 

KN 
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rH 

rH 

sH 

rH 

rH 

tH 

rH 

rH 

rH 

1  1 

H 

OJ 

Cm 

O 

ON 

rH 

rH 

sH 

rH 

iH 

rH 

rH 

rH 

1 

1 

A 

A 

1  1 

H 

i 

iH 

tH 

rH 

rH 

tH 

rH 

rH 

1 

A 

0 

1 

1 

1 

1  1 

s 

rH 

o 

CM 

X 

KN 

rH 

rH 

rH 

rH 

rH 

1 

i 

1 

1 

1 

1 

1 

8 

rH 

rH 

tH  tH 

W 

rH 

rH 

rH 

tH 

rH 

rH 

1 

1 

1 

1 

1 

1 

1 

rH 

rH 

rH 

rH 

1 

II  1 
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e- 

rH 

r-H 

i 

1 

1 

1 

* 

rH 

rH 

1 

! 

1 

1 

1 

i — 1 

rH 

1 

1 

1  1 
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1 

1 

• 

1 

rH 

1 

i 

1 

1 
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rH 

rH 
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rH 

rH 
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9 
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ON 
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rH 

OJ  KN 

4 

rH 

rH 

rH 

rH 

rH 

rH 

tH 

rH 

rH 

tH 
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TABLE  [III] 

A  SIEVE  PROCESS  APPLIED  TO  THE 
NUMBERS  1,  2,  3,  N. 

CORRESPONDING  TO  THE  SEQUENCE  c,  c+b,  c+2b ,  c+(N-l)b. 


The  Sequence 
[c+ib]  (mod  p) 

Prime  (p)  c(mod  p)  b(mod  p)  i=0, 1,2, . . . ,max  (p-l,N-l)  A(p )* 


(A)N=l4  7 

5 

2 

(5,0,2,4,6,1,53 

(5,4,6,10,11,13) 

17 

11 

8 

(11,2,10,1,9,0,8,16,7, 

15,6,14,5,15) 

(2,5,7,8,14) 

23 

13 

11 

(15,1,12,0,11,22,10,21, 

9,20,8,19,7,18) 

(1,9) 

37 

2 

8 

(2,10,18,26,54,5,13,21, 

29,0,8,16,24,52) 

(12) 

(b)n=28  7 

2 

2 

(2,4,6, 1,5, 5,0) 

(1,2,4,8,9,11,15, 

16,18,22,25,25) 

17 

1 

8 

(1,9,0,8,16,7,15,6,14, 

5, 15,4,12,5,11,2,10) 

(5,7,12,19,21,24, 

28) 

23 

1 

11 

(1,12,0,11,22,10,21,9, 
20,8,19,7,18,6,17,5, 16, 
4,15,5, 14,2,15) 

(10, 15,14,17,20) 

37 

0 

8 

(8,16,24,52,5,11,19,27, 

55,6,14,22,50,1,9,17, 

25,55,4,12,20,28,56,7, 

15,25,51,2} 

(26,27) 

43 

11 

37 

(11,5,42,56,50,24,18,12, 
6,0,57,31,25, 19, 13,7,1,38, 
52,26,20,14,8,2,39,33,27, 
21} 

(6) 

47 

3^ 

19 

(54,6,25,44,16,35,7,26, 

45,17,56,8,27,46,18,37, 
9,28,0, 19,38,10,29,1, 

20,59,11,30} 

(47) 

The  set  A(p)  consists 

of  those 

i  numbers  i  to  be  eliminated 

from  the 

remaining  numbers 

in  the 

set  1, 

2,3;...  by  virtue  of  the  fact  that 

c+(i-l)b  =  2r(mod  p),  r 

in  the 

range  1  <  r  <  p-1,  and  c+(i- 

l)b  >  2  +p. 
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(c)n=57 


The  Sequence 
(c+ib)  (mod  p) 

Prime  (p)  c(mod  p)  b(rood  p)  i=0, 1,2, . . . ,roax  (p-l;N-l) 

732  {5,5,0,2,4,6,11 


A(p) 


17 


23 


31 


15 


15 


37 


35 


8  {15,23,14,5,13,4,12,3,11, 

2,10,1,9,0,8,16,7) 


(4,5,7,11,12,14, 

18,19,21,25,26, 

28,32,33,35,39, 

40,42,46,47,49, 

53,5M6) 

(1,6,10,13,15,16, 

22,23,27,29,30, 

44,50,52,57) 

(2,8,17,20,24,31, 

36,37,^1,43,45, 

48) 

(3,31*) 


11  {1,12,0,11,22,10,21,9, 

20,8,19,7,18,6,17,5, 
16,14,15,3,14,2,13) 

9  {15,24,2,11,20,29,7,16, 

25,3,12,21,30,8,17,26, 

4,13,22,0,9, 18,27,5,  l1*, 

23,1,10,19,28,6) 

8  (33, M2, 20, 28, 36, 7, 15,23,  (9,38,51,55) 

31,2,10,16,26,34,5,13,21, 
29,0,8,16,24,32,3,11,19, 
27,35,6,14,22,30,1,9,17, 

25) 


(D)N=ll4  7 


17 


23 


20 


8 


11 


(3, 5, 0,2, 4, 6,D 


{1,9,0,8,16,7,15,6,14, 

5,13,4,12,3,11,2,10) 


(4,5,7,11 

19,21,25 

33,35,39 
MM  53 
61,63,67 
75,77,81 
89,91,95 
103, 105, 
112) 


,12,14,18, 

,26,28,32, 

,40,42,46, 

,54,56,60, 

,68,70,74, 

,82,84,88, 

,96,98,102, 

109,110, 


{20,8,19,7,18,6,17,5, 16, 

4, 15,3, 1M,  13, 1,12,0, 
11,22,10,21,9) 

{1,10,19,28,6,15,24,2,  (8,13,44) 

11,20,29,7,16,25,3,12,21, 

30,8,17,26,4,13,22,0,9, 

18,27,5, 1*1,23) 


(1,2,6,22,24,29,36, 
38,41,45,50,52,55, 
58,62,69,72,73,79, 
80,86,87,90,92,97, 
101,104,106,107, 
113,  11*0 

(6,9,10, 15,17,23, 
37,48,71,94,51,78, 
83,85,108) 


31 
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The  Sequence 
(c+ib)  (mod  p) 

Prime  (p)  c(mod  p)  b(mod  p)  i=0, 1,2, . . . ,max  (p-l,N-l) 


37  17  8 

41  3  17 

43  16  37 

47  18  19 


53  47  52 


67  57  30 


{17)25,33,4, 12,20,28,36, 

7, 15,23,31,2, 10, 18,26,34, 
5,13,21,29,0,8,16,24,32, 

3,11,19,27,35,6,14,22,30, 

I, 9) 

{3,20,37,13,30,6,23,40,16 

33,9,26,2,19,36,12,29,5, 

22,39,15,32,8,25,1,18,35 

II, 28,4,21,38,14,31,7,24 

0, 17,3^,10,27) 

{16,10,4,41,35,29,23,17, 
11,5,42,36,30,24,18,12,6 
0,37,31,25, 19,13,7,1,38, 
32,26,20, 14,8,2,39,33,27, 
21, 15,9,3,  ^0,34,28,22} 

{18,37,9,28,0, 19,38,10,29 
1,20,39,11,30,2,21,40,12, 
31,3,22,41,13,32,4,23,112, 
14,33,5,24,43,15,34,6,25, 
44,16,35,7,26,45,17,36,8, 
27,46) 

{47,46,45,44,43,42,41,40, 

39.38.37.36.35.34.33.32, 
31,30,29,28,27,26,25,24, 
23,22,21,20,19,18,17,16, 
15,14,13,12,11,10,9,8,7, 

6,5,4,3,2,1,0,52,51,50, 

49,48} 

{57,20,50,13,43,6,36,66, 

29,59,22,52,15,45,8,38, 

1,31,61,24,54,17,47,10, 

40,3,33,63,26,56,19,49, 

12,42,5,35,65,28,58,21, 

51,14,44,7,37,0,30,60, 

23.53. 16.46.9.39.2.32, 
62,25,55,18,48,11,41,4, 
34,64,27) 


A(p) 


(30,31,57,76,100, 

HD 


(34,64,65,66,93) 


(3,27,43) 


(20) 


(99) 


(59) 
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table  [IV] 

A  SIEVE  PROCESS  APPLIED  TO  THE 
NUMBERS  1,  2,  3,  . . .  ,  N. 

CORRESPONDING  TO  THE  SEQUENCE  c,  c+b,  c+2b ,  c+(N-l)b. 


The  Sequence 
{c+ib}  (mod  p) 

Prime  (p)  c(mod  p)  b(mod  p)  i=0, 1,2, . . . ,max  (p-l,N-l)  A(p ) 


(A)N=12 

7 

0 

4 

{0,4,1,5,2,6,33 

(2,3,5,9,10, 12) 

17 

9 

7 

(9,16,6, 15,3,10,0,7,14,4, 
11,1) 

(lA) 

23 

5 

16 

(5,21,14,7,0, 16,9,2,18, 
11,4,20} 

(6,7,8,11) 

(B)N=24 

7 

5 

4 

(5,2,6,3,0,4,13 

(2,6,7,9,13, 1^,16, 
20,21,23) 

17 

6 

7 

(6,13,3, 10,0,7,14,4,11,1, 
8,15,5,12,2,9, 16) 

(8, 10,11,12,15,17, 
19) 

23 

2 

16 

(2,18,11,4,20, 13,6,22,15, 
8,1,17,10,3,19,12,5,21, 
14,7,0, 16,9) 

(1,4,22,24) 

41 

6 

14 

(6,20,34,7,21,35,8,22,36, 

9,23,37,10,24,38,11,25, 

39,12,26,40,13,27,0) 

(5) 

32 

36 

(32,25,18,11,4,40,33,26, 

19, 12,5,41,34,27,20, 13,6, 
42,35,28,21,14,7,0) 

us) 

53 

13 

1 

(13,14,15, 16,17,18,19,20, 
21,22,23,24,25,26,27,28, 
29,30,31,32,33,3^,35,36) 

(5) 

(c)n=49 

7 

4 

4 

(4, 1,5, 2, 6, 3,0) 

(1,2,4,8,9,11,15, 
16,18,22,23,25, 
29,30,32,36,37,3 9, 
43 ,44,46) 

17 

10 

7 

(10,0,7,14,4,11,1,8,15, 

5, 12,2,9,16,6,13,3) 

(5,7,12,13,24,26, 

31,33,41,42,47,48) 

-78- 


The  Sequence 
{c+ib}  (mod  p) 

Prime  (p)  c(mod  p)  b(mod  p)  i=0, 1,2, . . .  ,max  (P-1,N-1)  A(p) 


23 


31 


47 


53 


61 


(d)n=98  7 


17 


23 


3 

16 

(3,19,12,5,21,14,7,0,16, 

9,2,16,11,4,20,13,6,22, 

15,8,1,17,10} 

(3,10,14,17,20,21, 
3^,35, to, 49) 

3 

23 

(3,26,18,10,2,25,17,9,1, 

24,16,8,0,23,15,7,50, 

22,14,6,29,21,13,5,28, 

20, 12,4,27,19,11} 

(28) 

34 

45 

(5^,52, 30,28, 26, 24, 22, 20, 
18,16,14,12,10,8,6,4,2, 
0,45,43,41,39,37,35,33, 
31,29,27,25,23,21,19, 17, 
15,13,11,9,7,5,3,1,46, 
44,42,40,38,36} 

(6,38) 

51 

1 

{51,52,0,1,2,3,4,5,6,7,8, 
9, 10,11,12,13,14,15, 16, 
17,18,19,20,21,22,23,24, 
25,26,27,28,29,30,31,32, 
33, 3^,35, 36, 37, 38, 39, to, 
41,42,43,44,45,46) 

(19,27) 

37 

16 

(37,53,8,24,40,56,11,27, 
to, 59, 14,30,46,1,17,33, 
49,4,20,36,52,7,23,39, 

55, 10,26,42,58, 13, 29, to, 
0,16,32,48,3, 19,35,51,6, 
22,38,5^,9,25,41,57,12} 

(to) 

3 

4 

13,0,4,1,5,2,6} 

(3,4,6,10,11,13,17, 

18,20,24,25,27,31, 

32, 3^,38, 39, 41, 45, 

46,48,52,53,55,59, 

60,62,66,67,69,73, 

74,76,80,81,83,87, 

88,90,94,95,97) 

15 

7 

(15,5,12,2,9,16,6,13,3, 

10,0,7,14,4,11,1,8} 

(1,5,8,14,16,21,22, 

23, 33, 35, to, 42, 50, 

56,57,65,72,82,84, 

66,69,91,93) 

14 

16 

(14,7,0,16,9,2,18,11,4, 
20,13,6,22,15,8,1,17, 
10,3, 19, 12,5,21} 

(7,9,12,15,19,28,29, 

30,44,51,58,61,75, 

78,85,96) 

-79“ 


The  Sequence 
{c+ib}  (rood  p) 

Prime  (p)  c(mod  p)  b(mod  p)  i=0.,  1,2, . . .  ,max  (p-l,N~l) 


31 


41 


43 


47 


53 


(E)N=197  7 


2 


30 


38 


20 


23 


0 


23  (2,25,17,9,1,24,16,8,0,23, 

15,7,30,22,14,6,29,21,13, 
5,28,20,12,4,27,19,11,3, 
26,18, 10} 

l*i  (30,3, 17,31, *i,  18,32,5, 19, 

33,6,20,34,7,21,35,8,22, 

36,9,23,37,10,24,38,11, 

25,39,12,26,40,13,27,0, 

14,28,1,15,29,2,16) 

36  (38,31,24,17,10,3,39,32, 

25,18,11,4,40,33,26,19, 
12,5,41,34,27,20,13,6,42, 
35,28,21,14,7,0,36,29,22, 
15,8,1,37,30,23,16,9,2) 

45  (20,18,16,14,12,10,8,6,4, 

2,0,45,43,41,39,37,35,33, 

31,29,27,25,23,21,19,17, 

15, 13, 11,9,7,5,3, 1, *16,44, 
42,40,38,36,34,32,30,28, 

26.24.22) 

1  (23,24,25,26,27,28,29,30, 

51,32,53,3*1,35,36,37,38, 
39,40,41,42,43,44,45,46, 
47,48,49,50,51,52,0,1,2, 
3>4,5,6,7,8,9,  10,  11 7 12, 
13, 14,15716,17718719720, 

21.22) 


4  (o,4,l,5,2,6,3) 


a(p) 


(36,63,70,98) 


(37, *17, 68) 


(26,43,54,64,71, 

77,79) 


(2,49) 


(92) 


(2, 3, 5, 9, 10,12,16, 
17,19,23,24,26,30, 
31,33,37,38,40,44, 
*15, *17,51, 52, 5*i, 58, 
59,61,65,66,68,72, 

73,75,79,80,82,86, 

87,89,93,94,96,100, 

101,103, 107,108, 
110,114,115,117, 
121,122,124,128, 
129,131,135,136, 
138,142,143, 145, 
149, 150,152,156, 
157,159, 163,164, 
166,170, 171,173, 
177,178,180, 184, 
185, 187,191,192, 
194) 


-80- 


Pritne 


17 


23 


31 


kl 


^3 


47 


The  Sequence 
(c+ib)  (mod  p) 

(p)  c(mod  p)  b(mod  p)  i=0, 1,2, . . . ,max  (p-l,N-l) 


n  7  {11,1,8,15,5,12,2,9,16,6, 

13,3, 10,0,7,14,4) 


4  16  {4,20,13,6,22,15,6,1,17, 

10,3,19,12,5,21,14,7,0, 

16,9,2,18,11) 


16 


39 


22 


43 


23  {16,8,0,23,15,7,30,22, 
14,6,29,21,13,5,28,20, 
12,4,27,19,11,3,26,18, 
10,2,25,17,9,1,24) 

14  {39,12,26,40,13,27,0,14, 

28,1,15,29,2,16,30,3, 
17,31,4,18,32,5,19,33, 
6,20,34,7,21,35,6,22, 
36,9,23,37,10,24,38,11, 
25) 

36  {22,15,8,1,37,30,23,16,9, 

2,38,31,24,17,10,3,39, 
32,25, 18,11,4,40,33,26, 

19.12.5.41.34.27.20.15.6, 
42,35,28,21,14,7,0,36,29) 

45  {43,41,39,37,35,33,31,29, 

27,25,23,21,19,17,15, 13, 
11,9,7,5,3,1,46,44,42,40, 
38,36,34,32,30,28,26,24, 

22.20. 18. 16. 14. 12. 10.8.6, 
4,2,0,45) 


A(p) 


(4,7,8,11,20,21, 
25,28,34,36,41,42, 
43,53,55,60,62,70, 
71,76,77,85,88,92, 
102,104,105,106, 
109,111,113,119, 
123, 126, 127, 130, 
139, 140,144,147, 
153,155,160,161, 
162,172,174,179, 
181,189,190, 195, 
196) 

(1,13,22,27,49,50, 
57,67,90,91,95,99, 
112,116,118,134, 
137,141,146,151, 
158,165, 168,169, 
182,183,188,197) 

(18,32,63,64,125, 

154) 


(14,29,74,133,193) 


(35,46,78,81,132, 

167,175,176) 


(39,56,69,84,98, 

186) 


~(3l 


The  Sequence 
{c+ib}  (mod  p) 

Prime  (p)  c(mod  p)  b(mod  p)  i=0, 1,2, . . .  ,tnax  (p-l,N-l) 


A(p) 


53 


18 


67 


38 


{18,19,20,21,22,23,24,25, 

26,27,28,29,30,31,32,33, 

3*, 35,36,37, 38, 59,40,41, 
42,43,44,45,46,47,48,49, 
50,51,52,0,1,2,3,4,5,6, 
7,8,9, 10,11,12,13,14,15, 
16,17) 


38  [38, 9, 47, 18,56,27,65,36,7,  (83) 

45, 16, 54, 25, 63, 3*i,  5, 43, 

14,52,23,61,32,3,41,12, 
50,21,59,30,1,39, 10,48, 
19,57,28,66,37,8,46,17, 
55,26,64,35,6,44,15,53, 

24, 62, 33, M2, 13, 51, 22, 
60,31,2,40,11,49,20,58, 

29,0) 


(6,12,15,97,120, 

148) 


(F )N=393  7 

17 


2 

0 


4  {2, 6, 3, 0,4, 1,5) 

7  {0,7,14,4,11,1,8,15,5, 

12,2,9,16,6,13,3, 10) 


See  (l)  on  page  85 

(4,7,11,21,23,24, 

25,28,30,32,38,42, 

45,46,49,58,59,63, 

66,72,7^,79,60,81, 

91,93,98,100,108, 

109,114,115,123, 

126,130,140,142, 

143,144,147,149, 

151,157,161,164, 

165, 168,177,178, 
182,185, 191,193, 
198,199,200,210, 
212,217,219,227, 

228,233,234,242, 

245,249,259,261, 
262,263,266,268, 
270,276,280,283, 
284,287,296,297, 
301,304,310,312, 
317,318,319,329, 
331, 336, 338, 3^6, 
347,352,353,361, 
364,368,378,380, 

381,382,385,387, 

389) 


-82- 


The  Sequence 
{c+ib}  (mod  p) 

Prime  (p)  c(mod  p)  b(mod  p  )  1=0,1, 2,..., max  (p-l,N-l)  A(p) 


23 


31 


41 


43 


47 


53 


16 


28 


3 


19 


38 


10 


16  {16,9,2,18,11,4,20,13,6, 

22,15,8,1,17,10,3, 19, 
12,5,21,14,7,0) 


(2,3,9,16,18,31, 
35,39,52,70,73, 
77,87,94,95,101, 
105,116.119,121, 
128, 133, 150, 154, 
156, 163, 170, 179, 

186, 192,196,213, 

220,231,238,248, 

254,255,256,269, 

277,282,289,294, 

303,305,308,311, 

315,324,325,326, 

340,354,357,371, 

374) 


23  [28,20,12,4,27,19,11,3, 

26,18,10,2,25,17,9,1, 
24,16,8,0,23,15,7,30, 
22,14,6,29,21,13,5) 


(112,136,171,205, 

221,235,252,291, 

298,322,345,359, 

360,388) 


14-  {3,17, 31, *1,18, 32, 5,19, 

33,6,20,34,7,21,35,8, 

22,36,9,23,37,10,24, 

38,11,25,39, 12,26,40, 
13,27,0,14,28,1,15,29, 
2,16,30) 


(14,44,60,67,86,88, 

122,129,137,203, 

224,241,290,332, 

333,367,373,375) 


36  {19,12,5,41,34,27,20,13,  (10,53,56,65,107, 

6,42,35,28,21,14,7,0,36,  135,207,226,350, 

29,22,15,8,1,37,30,23,  566) 

16,9,2,38,31,24,17,10, 

3,39,32,25,18,11,4,40, 

33,26} 


45  {38,36,34,32,30,28,26,  (17,51,102,158, 

24.22.20. 18. 16. 14. 12,  172,189,206,247, 

10,8,6,4,2,0,45,43,41,  275,343,392) 

39,37,35,33,31,29,27, 

25.23.21.19.17.15.13, 

11,9,7,5,3, 1,46,44,^ 42, 

4o) 


1  {10,11,12,13,14,15,16,17,  (184,214,240,273, 

18,19,20,21,22,23,24,25,  339) 

26,27,28,29,30,31,32,33, 
3*1,35,36,37,38,39,40,41, 

42,43,44,45,46,47,48,49, 

50,51,52,0,1,2,3,4,5,6, 

7,8,9) 


-83 


The  Sequence 
{c+ib}  (mod  p) 

Prime  (p)  c(mod  p)  b(mod  p)  i=0, 1,2, . . . ,max  (p-l,N-l 


59  3 


61  kk  • 


(g)n=785  7  2 

17  5 

23  1 

31  29 

4l  4o 


43  20 


46  (3,49,36,23,10,56,45,30, 

17,' 4,50, 37, 24, 11, 57, 44, 
31,18,5,51,38,25,12,58, 

45.32.19.6.52.39.26.13, 
0,46,33,20,7,53,40,27, 14 

1,47,34, 21, 8,5^, *H, 28, 15 
2, 48, 35, 22, 9, 55, *12, 29, 16 

16  (44,60,15,31,47,2, 18,34, 

50,5,21,37,53,8,24,40, 
56,11,27,43,59,14,30,46, 
1,17, 33, *19, 4, 20, 36, 52,7, 

23.39.55. 10.26.42.58.13, 
29,45,0,16,32,48,3, 19,35 
51,4,22,38,54,7,25,41,57 
10,28} 


.4  (2,6, 3, 0,4, 1,5} 

7  (5,12,2,9,16,6,13,3,10, 

0,7,14,4,11,1,8,15) 

16  (1,17,10,3,19,12,5,21, 

14,7,0,16,9,2,18,11,4, 
20,13,6,22,15,8} 

23  (29,21,13,5,28,20,12,4, 

27,19,11,3,26,18,10,2, 
25,17,9,1,24,16,8,0, 
23, 15,7,30,22,14,6} 


14  (40,13,27,0,14,28,1,15, 

29,2,16,30,3,17,31,4, 
18,32,5, 19,33,6,20,34, 
7,21,35,8,22,36,9,23, 
37,10,24,38,11,25,39, 
12,26} 


36  (20,13,6,42,35,28,21,14, 

7,0,36,29,22,15,8,1,37, 
30,23, 16,9,2,38,31,24, 
17,10,3,39,32,25, 18,11, 
4,40,33,26,19,12,5,41,' 
34,27} 


A(p) 


(37,175) 


(84) 


See  (2)  on  page  85 
See  (3)  on  page  85,86 


See  (4)  on  page  86 


(53,70,147,163,171, 

206,233,240,256, 

301.332.333.485, 
504,550,597,605,609, 
674,766,767) 

4 

(10,11,18,28,31,79, 
108,133, 154,179, 
182,212,235,261, 
263,284,297,298, 
315,317,325,354, 
366,399,417,436, 
448,469,499,522, 
563,584,626,630, 
672,723,745) 

(77,91,172,205,248, 

508,331,402,409, 

416.471.478.486, 

536 , 606 , 660 , 665 , 

675,688) 


“84- 


The  Sequence 
{c+ib}  (mod  p) 

Prime  (p)  c(mod  p)  b(mod  p)  i=0, 1,2, . „ , ,max  (p-l,N-l)  A(p) 


47  30  45  (30,28,26,24,22,20,18,1 6,  (2,9,45,74,94,214, 

14,12,10,8,6,4,2,0,45,  324,529,350,367, 
43,41,39,37,35,35,31,29,  371,375,422,444, 
27,25,23,21,19,17,15,13,  465,501,555,562, 
11,9,7,5,3,1,46,44,42,  620,623,637,647, 
40,38,36,3^,32}  689) 


53  46 


59  42 


61  19 


67  37 


79  20 


1  {46,47,48,49,50,51,52,0,  (25,87,95, 109,193, 

1.2.3.4.5.6.7.8.9.10.11,  210,252,269,352, 

12, 13, 14, 15, 16, 17, 18, 19,  401,511,528,570, 

20.21.22.23.24.25.26.27,  639,655,711,758, 

28.29.30.31.32.33.34.35,  784) 
36,37,38,39,40,41,42,43, 

44,45) 

46  {42,29,16,3,49,36,23,10,  (44,137,164,494, 

56,43,30,17,4,50,37,24, 
11,57,44,31,18,5,51,38, 
25,12,58,45,32,19,6,52, 

39,26,13,0,46,33,20,7, 
53,40,27,14,1,47,34,21, 

8.54.41.28.15.2.48.35, 

22,9,55} 

16  {19,35,51,6,22,38,54,9, 

25,41,57,12,28,44,60, 

15,31,47,2,18,34,50,5, 

21.37.53.8.24.40.56.11, 
27,43,59,14,30,46,1,17, 

33.49.4.20.36.52.7.23, 
39,55,10,26,42,58,13,29, 

45,0,16,32,48,3} 

38  (37,8,46,17,55,26,64,35,  (114,283) 

6,44, 15,53,24,62,33,4,42, 

13.51.22.60.31.2.40. 11, 
49,20,58,29,0,38,9,47,18, 
56,27,65,36,7,45,16,54, 

25.63.34.5.43.14.52.23, 

61,32,3,41, 12,50,21,59, 

30,1,39,10,48, 19,57,28, 

66} 

41  (20,61,23,64,26,67,29,  (724) 

70,32,73,35,76,38,0,41, 

3,44,6,47,9,50,12,53,15, 

56.18.59.21.62.24.65.27, 
68,30,71,33,74,36,77,39, 
1,42,4,45,7,48,10,51,13, 
54,16,57,19,60,22,63,25, 
66,28,69,31,72,34,75,37,78, 
40,2,43,5,46,8,49,11,52,14, 

55,17,58} 


539,716) 


(80,490,654,669, 

739) 


-85- 


(1)  (1,5,6, 8, 12, 15, 15, 19,20,22,26,27,29,53,34,36,40,41,43,47,48, 
50,5^,55,57,61,62,64,68,69,71,75,76,78,82,83,85,89,90,92,96,97,99, 105, 
104, 106, 110, 111, 113, 117, 118, 120, 124, 125, 127, 131,152, 134, 138, 139, l4l,  145, 

146. 148. 152. 153. 155. 159. 160. 162. 166. 167. 169. 173. 174. 176. 180. 181. 183. 187, 

188. 190. 194. 195. 197.201.202.204.208.209.211.215.216.218.222.223.225.229, 

230.232.236.237.239.243.244.246.250.251.253.257.258.260.264.265.267.271, 

272.274.278.279.281.285.286.288.292.293.295.299.300.302.306.307.309.313, 

314.316.320.321.323.327.328.330.334.335.337.341.342.344.348.349.351.355, 
356,358,362,363,365,369,370,372,376,377,379,383,384,386,390,391,393) 

(2)  1,5,6,8,12,13,15,19,20,22,26,27,29,33,34,36,40,41,43,47,48,50, 
54,55,57,61,62,64,68,69,71,75,76,78,82,83,85,89,90,92,96,97,99,103,104, 

106, 110, 111, 113, 117, 118, 120, 124, 125, 127, 131, 132, 134, 138, 139, 141, 145, 146, 

148. 152. 153. 155. 159. 160. 162. 166. 167. 169. 173. 174. 176. 180. 181. 183. 187. 188, 

190. 194.195.197.201.202.204.208.209.211.215.216.218.222.223.225.229.230, 

232.236.237.239.243.244.246.250.251.253.257.258.260.264.265.267.271.272, 

274.278.279.281.285.286.288.292.293.295.299.300.302.306.307.309.313.314, 

316. 320. 321. 323. 327.328.330. 334. 335. 337. 341.342. 344. 348. 349. 351.355. 356, 
358,362,363, 365, 369, 370, 373, 376, 377,379, 383,384,386,390,391, 393, 397,398, 

400, 4o4, 405,407,411, 412, 414, 418, 419, 421, 425, 426, 428, 432, 433, 435, 439,440, 
442,446,447,449,453,454,456,460,461,463,467,468,470,474,475,477,481,482, 
484, 488, 489, 491, 495, 496, 498, 502, 503, 505, 509, 510, 512, 516, 517, 519, 523, 524, 

526 , 530 , 531 , 533 , 537 , 538 , 5^0 , 544 , 545 , 5^7 , 551 , 552 , 551* ,  558 , 559 , 56 1 , 565, 566 , 
568,572,573,575,579,580,582,586,587,589,593,594,596,600,601,603,607,608, 
610,614,615,617,621,622,624,628,629,631,635,636,638,642,643,645,649,650, 
652,656,657,659,663,664,666,670,671,673,677,678,680,684,685,687,691,692, 
694, 698,699,701, 705, 706, 708, 712, 713, 715,719, 720, 722, 726, 727, 729, 733, 73^, 
736, 7*10, 741, 7‘i3,71i7,71i8, 750, 75^,755,757, 761, 762, 764, 768, 769,771, 775, 776, 
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